
 

 

Answer on Question #57661 – Math – Calculus 

Q.1 

Find the Fourier series of 𝑓(𝑥) = 2 − 𝒙𝟐 on (−2 < 𝑥 < 2) 

Solution 

We have 

𝐹(𝑥) =
𝑎0

2
+ ∑(𝑎𝑘 cos

𝑘𝜋𝑥

𝑙
+ 𝑏𝑘 sin

𝑘𝜋𝑥

𝑙
)

∞

𝑘=1

 

where 

𝑎𝑘 =
1

𝑙
∫ 𝑓(𝑥)

𝑙

−𝑙

cos
𝑘𝜋𝑥

𝑙
𝑑𝑥, 

 𝑏𝑘 =
1

𝑙
∫ 𝑓(𝑥)

𝑙

−𝑙

sin
𝑘𝜋𝑥

𝑙
𝑑𝑥 . 

In our case 
𝑙 = 2. 

Because 
𝑓(−𝑥) = 2 − (−𝑥)2 = 𝟐 − 𝑥2 = 𝑓(𝑥) 

then 
𝑏𝑘 = 0, 

𝑎𝑘 = ∫ 𝑓(𝑥)

2

0

cos
𝑘𝜋𝑥

2
𝑑𝑥. 

Thus 

𝑎0 = ∫ 𝑓(𝑥)

2

0

𝑑𝑥 = ∫(𝟐 − 𝑥2

2

0

)𝑑𝑥 = (2𝑥 −
𝑥3

3
)|

0

2

= 4 −
8

3
=

4

3
; 

𝑎𝑘 = ∫(𝟐 − 𝑥2)

2

0

cos
𝑘𝜋𝑥

2
𝑑𝑥 =

2

𝑘𝜋
∫(𝟐 − 𝑥2)

2

0

𝑑(sin
𝑘𝜋𝑥

2
) = 

=
2

𝑘𝜋
(𝟐 − 𝑥2) sin

𝑘𝜋𝑥

2
|

0

2

+
4

𝑘𝜋
∫ 𝑥

2

0

sin
𝑘𝜋𝑥

2
𝑑𝑥 = −

8

𝑘2𝜋2
∫ 𝑥

2

0

𝑑(cos
𝑘𝜋𝑥

2
) = 

= −
8

𝑘2𝜋2
𝑥 cos

𝑘𝜋𝑥

2
|

0

2

+
8

𝑘2𝜋2
∫ cos

𝑘𝜋𝑥

2
𝑑𝑥

2

0

= −
16

𝑘2𝜋2
cos 𝑘𝜋 =

16

𝑘2𝜋2
(−1)𝑘+1. 

And finally 

𝐹(𝑥) =
𝑎0

2
+ ∑ 𝑎𝑘 cos

𝑘𝜋𝑥

2

∞

𝑘=1

=
2

3
+

16

𝜋2
∑

(−1)𝑘+1

𝑘2
cos

𝑘𝜋𝑥

2

∞

𝑘=1

. 

Answer:  

2

3
+

16

𝜋2
∑

(−1)𝑘+1

𝑘2
cos

𝑘𝜋𝑥

2

∞

𝑘=1

 

 



 

 

Q.2 

Find the Fourier series of 𝑓(𝑥) = |𝑥| on [−𝜋; 𝜋] 

Solution: 
 
We have 

𝐹(𝑥) =
𝑎0

2
+ ∑(𝑎𝑘 cos 𝑘𝑥 + 𝑏𝑘 sin 𝑘𝑥)

∞

𝑘=1

 

where 

𝑎𝑘 =
1

𝜋
∫ 𝑓(𝑥)

𝜋

−𝜋

cos 𝑘𝑥 𝑑𝑥, 

 𝑏𝑘 =
1

𝜋
∫ 𝑓(𝑥)

𝜋

−𝜋

sin 𝑘𝑥 𝑑𝑥 . 

Because 
𝑓(−𝑥) = |−𝑥| = |𝑥| = 𝑓(𝑥) 

then 
𝑏𝑘 = 0, 

𝑎𝑘 =
2

𝜋
∫ 𝑓(𝑥)

𝜋

0

cos 𝑘𝑥 𝑑𝑥. 

Thus 

𝑎0 =
2

𝜋
∫ 𝑓(𝑥)

𝜋

0

𝑑𝑥 =
2

𝜋
∫ 𝑥

𝜋

0

𝑑𝑥 =
2

𝜋
∙

𝑥2

2
|

0

𝜋

= 𝜋; 

𝑎𝑘 =
2

𝜋
∫ 𝑓(𝑥)

𝜋

0

cos 𝑘𝑥 𝑑𝑥 =
2

𝜋
∫ 𝑥

𝜋

0

cos 𝑘𝑥 𝑑𝑥 =
2

𝑘𝜋
∫ 𝑥

𝜋

0

𝑑(sin 𝑘𝑥) = 

=
2

𝑘𝜋
𝑥 sin 𝑘𝑥|0

𝜋 +
2

𝑘𝜋
∫ sin 𝑘𝑥

𝜋

0

𝑑𝑥 = 

= −
2

𝑘2𝜋
cos 𝑘𝑥|0

𝜋 = −
2

𝑘2𝜋
∙ (cos 𝑘𝜋 − 1) = −

2

𝑘2𝜋
∙ ((−1)𝑘 − 1). 

So 

𝑎𝑘 = {

4

(2𝑛 + 1)2𝜋
,   𝑘 = 2𝑛 + 1;

0,   𝑘 = 2𝑛.

 

And finally 

𝐹(𝑥) =
𝑎0

2
+ ∑ 𝑎𝑘 cos 𝑘𝑥

∞

𝑘=1

=
𝜋

2
+

4

𝜋
∑

1

(2𝑛 + 1)2
cos(2𝑛 + 1)𝑥

∞

𝑛=0

. 

Answer: 

𝜋

2
+

4

𝜋
∑

1

(2𝑛 + 1)2
cos(2𝑛 + 1)𝑥

∞

𝑛=0
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