
 

 

Answer on Question #57136 – Math – Calculus 

Question 

 If 𝑓(𝑥, 𝑦) = ln (
𝑥2+𝑦2

𝑥𝑦
), then prove that  

𝜕2𝑓

𝜕𝑥2
+

𝜕2𝑓

𝜕𝑦2
= 0. 

Solution 

 𝑓(𝑥, 𝑦) = ln (
𝑥2+𝑦2

𝑥𝑦
) = ln (

𝑥

𝑦
+

𝑦

𝑥
) . Compute 

 
𝜕𝑓

𝜕𝑥
=

1

(
𝑥2+𝑦2

𝑥𝑦
)

⋅ (
1

𝑦
−

𝑦

𝑥2) =
𝑥

𝑥2+𝑦2 −
𝑦2

𝑥(𝑥2+𝑦2)
=

𝑥2−𝑦2

𝑥(𝑥2+𝑦2)
=

𝑥2+𝑦2−2𝑦2

𝑥(𝑥2+𝑦2)
=

1

𝑥
− 2

𝑦2

𝑥(𝑥2+𝑦2)
  

and 

 
𝜕𝑓

𝜕𝑦
=

1

(
𝑥2+𝑦2

𝑥𝑦
)

⋅ (−
𝑥

𝑦2 +
1

𝑥
) = −

𝑥2

𝑦(𝑥2+𝑦2)
+

𝑦

𝑥2+𝑦2 =
𝑦2−𝑥2

𝑦(𝑥2+𝑦2)
=

𝑥2+𝑦2−2𝑥2

𝑦(𝑥2+𝑦2)
=

1

𝑦
− 2

𝑥2

𝑦(𝑥2+𝑦2)
. 

Thus, 

 
𝜕2𝑓

𝜕𝑥2 =
𝜕

𝜕𝑥
(

1

𝑥
− 2

𝑦2

𝑥(𝑥2+𝑦2)
) =

𝜕

𝜕𝑥
(

1

𝑥
− 2

𝑦2

(𝑥3+𝑥𝑦2)
) = −

1

𝑥2 +
2𝑦2

(𝑥3+𝑥𝑦2)2 ⋅ (3𝑥2 + 𝑦2) = −
1

𝑥2 +

2𝑦2

𝑥2(𝑥2+𝑦2)2 ⋅ (3𝑥2 + 𝑦2) =
−(𝑥4+2𝑥2𝑦2+𝑦4)+6𝑥2𝑦2+2𝑦4

𝑥2(𝑥2+𝑦2)2 =
𝑦4+4𝑥2𝑦2−𝑥4

𝑥2(𝑥2+𝑦2)2   

and 

 
𝜕2𝑓

𝜕𝑦2 =
𝑥4+4𝑥2𝑦2−𝑦4

𝑦2(𝑥2+𝑦2)2 .  

Then 

 
𝜕2𝑓

𝜕𝑥2 +
𝜕2𝑓

𝜕𝑦2 =
𝑦4+4𝑥2𝑦2−𝑥4

𝑥2(𝑥2+𝑦2)2 +
𝑥4+4𝑥2𝑦2−𝑦4

𝑦2(𝑥2+𝑦2)2 =
𝑦6+4𝑥2𝑦4−𝑥4𝑦2+𝑥6+4𝑥4𝑦2−𝑦4𝑥2

𝑥2𝑦2(𝑥2+𝑦2)2 =
𝑦6+3𝑥2𝑦4+𝑥6+3𝑥4𝑦2

𝑥2𝑦2(𝑥2+𝑦2)2 =

(𝑥2+𝑦2)
3

𝑥2𝑦2(𝑥2+𝑦2)2 =
1

𝑥2 +
1

𝑦2 ≠ 0, hence the statement of the question is false. 
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