
 

 

Answer on Question #57117 – Math – Calculus 

Question 

Let 

                                         𝑓(𝑥) = {
1 +

2𝑥

𝜋
−𝜋 < 𝑥 < 0

1 −
2𝑥

𝜋
0 < 𝑥 < 𝜋

                                                                    (1) 

a) Show that f is even 

b) Find the Fourier series for f. 

Solution 

a) A function f is even if and only if  𝑓(−x) = 𝑓(x).   

The function (1) can be rewritten in the form  

𝑓(𝑥) = 1 −
2

𝜋
|𝑥|, 𝑥 ∈ (−𝜋, 𝜋)\{0} 

Since |−x| = |x|, we have 𝑓(−x) = 1 −
2

π
|−x| = 1 −

2

π
|x| = 𝑓(x) and the function 𝑓(x) is 

even. 

b) Because the function 𝑓(x) in (1) is even, its Fourier series has form 

𝑓(𝑥) =
𝑎0

2
+ ∑ 𝑎𝑛 cos 𝑛𝑥∞

𝑛=1 , 

where    𝑎0 =
2

𝜋
∫ 𝑓(𝑥)𝑑𝑥

𝜋

0
,    𝑎𝑛 =

2

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥,   

𝜋

0
𝑛 ≥ 1. 

Calculate coefficients 

𝑎0 =
2

𝜋
∫ 𝑓(𝑥)𝑑𝑥 =

𝜋

0

2

𝜋
∫ (1 −

2𝑥

𝜋
) 𝑑𝑥

𝜋

0

=
2𝑥

𝜋
|

0

𝜋

−
2

𝜋
∙

𝑥2

𝜋
|

0

𝜋

=
2𝜋

𝜋
−

2

𝜋
∙

𝜋2

𝜋
= 2 − 2 = 0. 

and  

𝑎𝑛 =
2

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥 =  

2

𝜋
∫ (1 −

2𝑥

𝜋
) cos 𝑛𝑥 𝑑𝑥

𝜋

0
=

2

𝜋
∫ cos 𝑛𝑥 𝑑𝑥

𝜋

0
−

4

𝜋2 ∫ 𝑥 cos 𝑛𝑥 𝑑𝑥.
𝜋

0

𝜋

0
    (2) 

The first integral in (2) equals zero: 

∫ cos 𝑛𝑥 𝑑𝑥
𝜋

0
=

1

𝑛
sin 𝑛𝑥|

0

𝜋
=

1

𝑛
(sin(𝑛 ∙ 𝜋) − sin( 𝑛 ∙ 0)) =

1

𝑛
(0 − 0) = 0, 𝑛 ≥ 1. 

The second integral in (2) is calculated using integration by parts with 𝑢 = 𝑥,   𝑑𝑣 = cos 𝑛𝑥 𝑑𝑥  

and 𝑑𝑢 = 𝑑𝑥, 𝑣 =
1

𝑛
sin 𝑛𝑥: 



 

 

∫ 𝑥 cos 𝑛𝑥 𝑑𝑥
𝜋

0

=
𝑥

𝑛
sin 𝑛𝑥|

0

𝜋

− 
1

𝑛
∫ sin 𝑛𝑥 𝑑𝑥

𝜋

0

=
𝜋 sin(𝑛𝜋)

𝑛
−

0 ∙ sin(𝑛 ∙ 0)

𝑛
+

1

𝑛2
cos 𝑛𝑥|

0

𝜋

= 0 +
1

𝑛2
(cos 𝑛𝜋 − cos 0) =

(−1)𝑛 − 1

𝑛2
 

Substitute for these values into expression 𝑎𝑛 in  (2) and obtain 

𝑎𝑛 = −
4

𝜋2
∙

(−1)𝑛 − 1

𝑛2
=

4(1 − (−1)𝑛)

𝜋2𝑛2
 

Because (−1)𝑛 = 1 for every even 𝑛,  Fourier series for 𝑓 contains  only odd terms: 

𝑎𝑛 = {

8

𝜋2𝑛2
, 𝑛 = 2𝑘 − 1

0, 𝑛 = 2𝑘
 

Thus, Fourier series for 𝑓 is 

𝑓(𝑥) =
8

𝜋2
∑

cos(2𝑘 − 1)𝑥

(2𝑘 − 1)2

∞

𝑘=1
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