
 

 

Answer on Question #57081 – Math – Calculus  

Question 

If 

𝐼𝑛 = ∫ 𝑥𝑛 sin 𝑥  𝑑𝑥

𝜋
2⁄

0

,   𝑛 ≥ 1 

show that 𝐼𝑛+1 − (𝑛 + 1) (
𝜋

2
)

𝑛
= −𝑛(𝑛 + 1)𝐼𝑛−1. Also deduce the value of 𝐼4. 

Solution 

Calculate  𝐼𝑛+1 using the integration by parts. 

Let 𝑢 = 𝑥𝑛+1,   𝑑𝑣 = sin 𝑥 𝑑𝑥, then 𝑑𝑢 = (𝑛 + 1)𝑥𝑛𝑑𝑥, 𝑣 = − cos 𝑥. 

𝐼𝑛+1 = ∫ 𝑥𝑛+1 sin 𝑥  𝑑𝑥

𝜋
2⁄

0

= −𝑥𝑛+1 cos 𝑥|
0

𝜋
2⁄

− (−(𝑛 + 1) ∫ 𝑥𝑛−1 cos 𝑥  𝑑𝑥

𝜋
2⁄

0

)

= − (
𝜋

2
)

𝑛+1

∙ cos
𝜋

2
+ 0 ∙ 1 + (𝑛 + 1) ∫ 𝑥𝑛−1 cos 𝑥  𝑑𝑥 =

𝜋
2⁄

0

(𝑛 + 1) ∫ 𝑥𝑛 cos 𝑥  𝑑𝑥

𝜋
2⁄

0

 

because  cos
π

2
= 0. 

Integrate by parts once more with u = xn,   dv = cos x dx  and du = nxn−1dx, v = sin x: 

𝐼𝑛+1 = (𝑛 + 1) ∫ 𝑥𝑛 cos 𝑥  𝑑𝑥

𝜋
2⁄

0

= (𝑛 + 1) (𝑥𝑛 sin 𝑥|
0

𝜋
2⁄

− 𝑛 ∫ 𝑥𝑛−1 sin 𝑥  𝑑𝑥

𝜋
2⁄

0

) = 

= (𝑛 + 1) [(
𝜋

2
)

𝑛
∙ 1 − 0] − (𝑛 + 1)𝑛 ∫ 𝑥𝑛−1 sin 𝑥  𝑑𝑥

𝜋
2⁄

0
= (𝑛 + 1) (

𝜋

2
)

𝑛
− (𝑛 + 1)𝑛 ∙ 𝐼𝑛−1,         (1)                

because the last integral equals 𝐼𝑛−1 = ∫ 𝑥𝑛−1 sin 𝑥  𝑑𝑥
𝜋

2⁄

0
. 

From this equality we obtain 

 𝐼𝑛+1 − (𝑛 + 1) (
𝜋

2
)

𝑛
= −𝑛(𝑛 + 1)𝐼𝑛−1,                                        

hence  

 𝐼𝑛+1 = −𝑛(𝑛 + 1)𝐼𝑛−1 + (𝑛 + 1) (
𝜋

2
)

𝑛
,                                                                                                     (2) 

where 

𝐼0 = ∫ sin 𝑥  𝑑𝑥 = − cos 𝑥|
0

𝜋

2 = − cos (
𝜋

2
) + cos(0) = −0 + 1 = 1

𝜋
2⁄

0
, 



 

 

𝐼1 = ∫ 𝑥𝑠𝑖𝑛 𝑥 𝑑𝑥 = |𝑢 = 𝑥, 𝑑𝑣 = sin 𝑥 𝑑𝑥,   𝑑𝑢 = 𝑑𝑥,   𝑣 = − cos 𝑥| = −𝑥𝑐𝑜𝑠 𝑥|
0

𝜋
2

𝜋
2

0

+ 

+ ∫ cos 𝑥 𝑑𝑥 = 𝑠𝑖𝑛𝑥|
0

𝜋

2 = sin (
𝜋

2
) − sin(0) = 1

𝜋

2
0

. 

So using the formula (2) 

  𝐼2 = −1 ∙ 2 ∙ 𝐼0 + 2
𝜋

2
= −2 + 𝜋 = 𝜋 − 2  and   

 𝐼4 = −3 ∙ 4 ∙ 𝐼2 + 4 (
𝜋

2
)

3
= 4 (

𝜋

2
)

3
− 4 ∙ 3 ∙ (𝜋 − 2) =

𝜋3

2
− 12𝜋 + 24. 

Answer:    𝐼4 =  
𝜋3

2
− 12𝜋 + 24. 
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