
Lecture 14: Path integrals and Line Integrals. Let us first recall the defini-
tion of arc-length of a parameterized curve c(t), a ≤ t ≤ b. One starts by dividing
the curve up into smaller curves, a = t0 < t1 < ... < tn = b, tk = a + k4t,
4t = (b− a)/n, with endpoints ck = c(tk). Then

4ck = c(tk +4t)− c(tk) ∼ c′(tk)4t

The arc-length is then is then given by
∫

c

ds = lim
n→∞

n∑

k=1

‖4ck‖ = lim
n→∞

n∑

k=1

‖ c′(tk)‖4t =
∫ b

a

‖ c′(t)‖ dt

The path integral of a function f over a curve C is defined by
∫

c

f ds =
∫ b

a

f(c(t)) ‖ c′(t)‖ dt

If the curve is in the x-y plan and if f(x, y) ≥ 0, then this can be interpreted as
the area of the surface in space formed by going straight up from the curve to the
graph of the function z = f(x, y).

Before we define the line integral let us give the physical motivation. Suppose
that a force F is acting on a particle as it moves. Suppose first that the force is
constant and the particle move along a straight line. Let d be the displacement
vector from the initial to the final position. The work done by the force on the
particle is defined to be

W = F · d
If the force is a vector field F(x) that acts on a particle tracing out a curve c(t) then
the work done by the force moving the particle from ck+1 to ck is approximately

4Wk ∼ F(ck) · 4ck ∼ F(c(tk)) · c′(tk)4t

Hence the total work done on the particle is

W = lim
n→∞

n∑

k=1

4Wk = lim
n→∞

n∑

k=1

F(c(tk)) · c′(tk)4t =
∫ b

a

F(c(t)) · c′(t) dt

We therefore define the line integral of a vector field F over the curve c to be
∫

c

F · ds =
∫ b

a

F(c(t)) · c′(t) dt

This can be written as the path integral of the tangential component of the force
∫

c

F · ds =
∫ b

a

F(c(t)) · c′(t)
‖c(t)‖‖ c′(t)‖ dt =

∫

c

F ·T ds, where T =
c′(t)
‖c(t)‖

Another way to write the line integral is
∫

c

F · ds =
∫

c

F1 dx + F2 dy + F3 dz

The meaning of this is however just
∫ b

a

(
F1(x(t), y(t), z(t))

dx

dt
+ F2(x(t), y(t), z(t))

dy

dt
+ F3(x(t), y(t), z(t))

dz

dt

)
dt

which follows since F ·c′ = (F1i+F2j+F3k) ·(x′ i+y′ j+z′ k) = F1x
′+F2y

′+F3z
′.
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Ex. 1 Evaluate
∫

c

x2dx + xydy + dz where c(t) = ti + t2j + k, 0 ≤ t ≤ 1. Sol.

∫ 1

0

(
x2 dx

dt
+ xy

dy

dt
+

dz

dt

)
dt =

∫ 1

0

(t2 + 2t4)dt =
1
3
t3 +

2
5
t5

∣∣∣
1

0
=

11
15

A reparametrization of the curve c : [a1, b1] → R3 is a curve p = c ◦ h : [a, b] →
R3, where h : [a, b] → [a1, b1] is an invertible map. If h(a) = a1 and h(b) = b1 then
we say that it is orientation preserving. If h(a) = b1 and h(b) = a1 then we say
that it is orientation reversing. We have:
Th(Change of parametrization) If p is a reparmetrization of c then

∫

p

F · ds = ±
∫

c

F · ds

if it is orientation preserving (+) and if it is orientation reversing (−).

Ex Evaluate the integral in Ex 1 if (i) p1(t) = c(t2) = t2i + t4j + k, 0 ≤ t ≤ 1 and
(ii) p2(t) = c(1− t) = (1− t)i + (1− t)2j + k, 0 ≤ t ≤ 1. Sol.

(i)
∫ 1

0

(
x2 dx

dt
+ xy

dy

dt
+

dz

dt

)
dt =

∫ 1

0

(2t5 + 4t9)dt =
1
3
t6 +

2
5
t10

∣∣∣
1

0
=

11
15

(ii)
∫ 1

0

(
x2 dx

dt
+ xy

dy

dt
+

dz

dt

)
dt =

∫ 1

0

(−(1− t)2 − 2(1− t)4)dt = · · · = −11
15

Ex. 2 Evaluate
∫

c1

F · ds and
∫

c2

F · ds, where F = yi + xj

c1(t) = (1 − t)i, 0 ≤ t ≤ 1 and c1(t) = (t − 1)i + (t − 1)j, when 1 ≤ t ≤ 1 + 1/
√

2
and c2(t) = cos t i + sin t j , 0 ≤ t ≤ π/4. Conclusion?
Sol.: We divide c1 up into two parts. When 0 ≤ t ≤ 1 then x = (1− t) and y = 0
so dx/dt = −1 and dy/dt = 0 and when 1 ≤ t ≤ 1 + 1/

√
2 we have x = (t − 1),

y = (t− 1) and dx/dt = dy/dt = 1 so
∫

c1

F · ds =
∫ 1

0

(
y
dx

dt
+ x

dy

dt

)
dt +

∫ 1/
√

2

1

(
y
dx

dt
+ x

dy

dt

)
dt

=
∫ 1

0

0 dt +
∫ 1/

√
2

1

(
(t− 1)1 + (t− 1)

)
dt = (t− 1)2

∣∣1+1/
√

2

1
=

1
2

On c2 we have x = cos t, y = sin t, dx/dt = − sin t, dy/dt = cos t so
∫

c2

F·ds =
∫ π/4

0

(
y
dx

dt
+x

dy

dt

)
dt =

∫ π/4

0

(− sin2 t+cos2 t) dt =
∫ π/4

0

cos(2t) dt =
sin(2t)

2

∣∣∣
π/4

0
=

1
2

Both line integrals go from (0, 1) to (1/
√

2, 1/
√

2) over different paths. In this case
the value of the line integral is independent of the path. Vector fields for which this
is true are called conservative and we shall study these more later.

Th(Line integrals of gradient vector fields) If c : [a, b] → R3 then
∫

c

∇f · ds = f(c(b))− f(c(a))

Pf This follows from the chain rule
d

dt
f(c(t)) = ∇f(c(t)) · c′(t).


