
 

 

Answer on Question #56669 – Math – Real Analysis 

Between any two distinct real numbers there exist an infinite many irrational numbers. Prove this 

statement. 

Solution 

First, let’s prove that there exists at least one rational number between two distinct real numbers. 

Let 𝑥, 𝑦 ∈ ℝ such that 𝑥 < 𝑦. Let’s bound them by natural number 𝑀 ∈ ℕ: |𝑥|, |𝑦| < 𝑀. Then let 

𝑥′ =
𝑥 +𝑀

2𝑀
∈ (0,1) 

𝑦′ =
𝑦 +𝑀

2𝑀
∈ (0,1) 

Consider also the average of two: 𝑧 =
𝑥+𝑦

2
 and 

𝑧′ =
𝑧 +𝑀

2𝑀
∈ (0,1) 

Obviously, 𝑥 < 𝑧 < 𝑦. 

Consider their decimal representations: 

𝑥′ = 0. 𝛼1𝛼2𝛼3… 

𝑧′ = 0. 𝛾1𝛾2𝛾3… 

𝑦′ = 0. 𝛽1𝛽2𝛽3… 

Since 𝑥 and 𝑧 are distinct, so are 𝑥′ and 𝑧′. Therefore there exists such index 𝑘 ∈ ℕ that digits from 

index 1 to 𝑘 − 1 are equal: 𝛼𝑖 = 𝛾𝑖, 𝑖 < 𝑘, and digit at k-th position differ: 𝛼𝑘 < 𝛾𝑘. Then the 

rational number 𝑡 = 0. 𝛾1…𝛾𝑘 (truncation of 𝑧) is greater than 𝑥, but not greater than 𝑧, therefore 

𝑥′ < 𝑡 ≤ 𝑧′ < 𝑦′ 

Reverse the transformation to (0,1) interval: 

𝑥 < 2𝑀𝑡 −𝑀 < 𝑦 

𝑟 = 2𝑀𝑡 −𝑀 is rational since 𝑡 is rational and 𝑀 is natural. Thus, between any two real numbers 

𝑥, 𝑦 there exists a rational number. 

Consider the following process. At first iteration for two distinct real numbers 𝑥 < 𝑦 we obtain a 

rational number between them: 𝑥 < 𝑟1 < 𝑦. At second iteration we obtain a rational number 

between 𝑥 and 𝑟1: 𝑥 < 𝑟2 < 𝑟1 < 𝑦. At third – a rational number between 𝑥 and 𝑟2: 

 𝑥 < 𝑟3 < 𝑟2 < 𝑟2 < 𝑦. And so on. Due to this process we have an infinite number of rational 

numbers 𝑟1, 𝑟2, … lying between 𝑥 and 𝑦. Thus, there exists infinitely many rational numbers 

between any two distinct real numbers. 

www.AssignmentExpert.com 


