
QUESTION C
If (C0 + C1)(C1 + C2)(C2 + C3) · · · (Cn−1 + Cn) = m ∗ C1C2C3 · · ·Cn−1,
then m is equal to

SOLUTION

Ci =
n!

i!(n− i)!

(C0 + C1)(C1 + C2)(C2 + C3) · · · (Cn−1 + Cn) = m ∗ C1C2C3 · · ·Cn−1

m =
(C0 + C1)(C1 + C2)(C2 + C3) · · · (Cn−1 + Cn)

C1C2C3 · · ·Cn−1

(C0 + C1)(C1 + C2)(C2 + C3) · · · (Cn−1 + Cn) =

=

(
n!

0!(n− 0)!
+

n!

1!(n− 1)!

)
· · ·
(

n!

(n− 1)!(n− (n− 1))!
+

n!

n!(n− n)!

)
=

=

(
n!

0!(n− 0)!
+

n!

1!(n− 1)!

)
· · ·
(

n!

(n− 1)!(n− (n− 1))!
+

n!

n!(n− n)!

)
=

= n!

(
1

1!(n)!
+

n

1!n!

)
· · ·n!

(
n

n!1!
+

1

n!1!

)
= (n!)n

(n+ 1)n

1!22!2 · · ·n!2

(C0 + C1)(C1 + C2)(C2 + C3) · · · (Cn−1 + Cn) = (n!)n
(n+ 1)n

1!22!2 · · ·n!2

C1C2C3 · · ·Cn−1 =
n!

1!(n− 1)!

n!

2!(n− 2)!
· · · n!

(n− 1)!(n− (n− 1))!
=

=

n−1︷ ︸︸ ︷
n! ∗ n! ∗ n! ∗ n! · · ·n!
1!22!2 · · · (n− 1)!2

=
n!n−1

1!22!2 · · · (n− 1)!2

C1C2C3 · · ·Cn−1 =
n!n−1

1!22!2 · · · (n− 1)!2

m =
(C0 + C1)(C1 + C2)(C2 + C3) · · · (Cn−1 + Cn)

C1C2C3 · · ·Cn−1
=

(n!)n
(n+ 1)n

1!22!2 · · ·n!2
n!n−1

1!22!2 · · · (n− 1)!2

=

=
(n!)n(n+ 1)n1!22!2 · · · (n− 1)!2

n!n−11!22!2 · · · (n− 1)!2n!2
=

n!n(n+ 1)n

n!n−1 ∗ n!2
=

(n+ 1)n

n!
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ANSWER

m =
(n+ 1)n

n!

ANSWER (p)

QUESTION D
If Cr are the binomial co-e�cients in the expansion of (1 + x)n, the value of

n∑
i=1

n∑
j=1

(i+ j)CiCj

is

SOLUTION
We need the following properties of binomial coe�cients

Ci =
n!

i!(n− i)!

C0 =
n!

0! ∗ (n− 0)!
=

n!

n!
= 1

(1 + x)n|x=1 = 2n =

(
n∑

i=0

Ci ∗ 1i ∗ xn−i
)∣∣∣∣∣

x=1

=
n∑

i=0

Ci ∗ 1i ∗ 1n−i ⇐⇒
n∑

i=0

Ci = 2n

n∑
i=0

Ci = C0 +
n∑

i=1

Ci = 1 +
n∑

i=1

Ci = 2n ⇐⇒
n∑

i=1

Ci = 2n − 1

n∑
i=1

i∗Ci =
n∑

i=1

i∗ n!

i! ∗ (n− i)!
=

n∑
i=1

n!

(i− 1)! ∗ (n− i)!
=

 i− 1 = t
i = 1→ t = 0
i = n→ t = n− 1

 =

=
n−1∑
t=0

n!

t! ∗ (n− t− 1)!
=

n−1∑
t=0

n ∗ (n− 1)!

t! ∗ ((n− 1)− t)!
= n ∗

n−1∑
t=0

(n− 1)!

t! ∗ ((n− 1)− t)!
=

= n ∗
n−1∑
t=0

Ct = n ∗ 2n−1

n∑
i=1

i ∗ Ci = n ∗
n−1∑
t=0

Ct = n ∗ 2n−1
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n∑
i=1

n∑
j=1

(i+j)CiCj =
n∑

i=1

n∑
j=1

i∗CiCj+
n∑

i=1

n∑
j=1

j∗CiCj =
n∑

i=1

i∗Ci

n∑
j=1

Cj+
n∑

i=1

Ci

n∑
j=1

j∗Cj =

=
n∑

i=1

i ∗ Ci︸ ︷︷ ︸
n ∗ 2n−1

n∑
j=1

Cj︸ ︷︷ ︸
2n − 1

+
n∑

i=1

Ci︸ ︷︷ ︸
2n − 1

n∑
j=1

j ∗ Cj︸ ︷︷ ︸
n ∗ 2n−1

= n∗2n−1(2n−1)+n∗2n−1(2n−1) = n∗2n∗(2n−1)

ANSWER

n∑
i=1

n∑
j=1

(i+ j)CiCj = n ∗ 2n ∗ (2n − 1)

ANSWER (q)
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