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Answer on Question #56500 – Math – Algebra 
 
6. The sequence is defined as follows 

𝑎1 =
1

2
, 𝑎𝑛+1 = 𝑎𝑛

2 + 𝑎𝑛, 

𝑆 =
1

𝑎1 + 1
+

1

𝑎2 + 1
+ ⋯ +

1

𝑎100 + 1
 

then find [𝑆] ([∙] is G.I. function). 
 

Solution. Let 𝑏𝑛 =
1

𝑎𝑛+1
 and therefore 𝑆 = ∑ 𝑏𝑛

100
𝑛=1 . We have 

𝑏1 =
1

𝑎1 + 1
=

1

1
2 + 1

=
2

3
, 𝑏2 =

1

𝑎2 + 1
=

1

1
2 +

1
4 + 1

=
4

7
  

and 𝑆 > 𝑏1 + 𝑏2 =
2

3
+

4

7
=

26

21
> 1. 

In different way, 

𝑏1 =
1

𝑎1 + 1
=

1

1 +
1
2

, 𝑏2 =
1

𝑎2 + 1
=

1

1
2 +

1
4 + 1

=
1

1 +
3
4

=
1

1 +
1

1 +
1
3

, 

𝑏3 =
1

𝑎3 + 1
=

1

3
4 +

9
16 + 1

=
1

2 +
5

16

=
1

2 +
1

3 +
1
5

, … 

It follows that lim
𝑛→∞

∑ 𝑏𝑘
𝑛
𝑘=1 = 2 (by the properties of continued fractions), but ∑ 𝑏𝑛

100
𝑛=1 <

2. Thus, 1 < 𝑆 < 2 and 
[𝑆] = 1. 

 
Answer: (A): 1. 

 
7: Consider the equation (𝑥 + 𝑖𝑦)2002 = 𝑥 − 𝑖𝑦. If the number of ordered pairs (𝑥, 𝑦) is N 

satisfying the given equation then find the sum of digits of N. 
 
Solution. We rewrite the complex number in trigonometric form 

𝑥 + 𝑖𝑦 = 𝑧 = 𝑟(cos 𝑡 + 𝑖 sin 𝑡), 

where 𝑡 = Arg 𝑧 = arctan
𝑦

𝑥
, 𝑟 = |𝑧| = √𝑥2 + 𝑦2. Then 𝑥 − 𝑖𝑦 = 𝑧̅ = 𝑟(cos 𝑡 − 𝑖 sin 𝑡), and 

(𝑥 + 𝑖𝑦)2002 = 𝑟2002(cos 𝑡 + 𝑖 sin 𝑡)2002 = 𝑟2002(cos 2002𝑡 + 𝑖 sin 2002𝑡) = 
= 𝑟(cos 𝑡 − 𝑖 sin 𝑡) 

or 𝑟2001(cos 2002𝑡 + 𝑖 sin 2002𝑡) = cos 𝑡 − 𝑖 sin 𝑡. Because |cos(∙)| ≤ 1, |sin(∙)| ≤ 1 the 
number 𝑟 is bound to be equal to 1, and we have the next equivalent system 

cos(2002𝑡) = cos 𝑡 , sin(2002𝑡) = − sin 𝑡 
The last system has 1001 solutions, for the pairs (𝑥, 𝑦) we have 2002 solutions and so on 

𝑁 = 2002. 
 
Answer: (A): 4. 

8: If in an equation |𝑥| + |𝑦| + |𝑧| = 10, 𝑥, 𝑦, 𝑧 ∈ 𝐼. Then number of solutions is 
 
Solution. If 𝑥, 𝑦, 𝑧 ∈ ℤ\{0} then number of solutions is equal to 

𝑃9̅(2,7) ∙ 𝐴2
3̅̅ ̅ = 36 ∙ 8 = 288 

Let only one of the variables 𝑥, 𝑦, 𝑧, is equal to zero. Then number of solutions is 
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3 ∙ 𝐴2
2̅̅ ̅ ∙ 𝑃9̅(1,8) = 12 ∙ 9 = 108. 

Let two of the variables 𝑥, 𝑦, 𝑧, is equal to zero. Then number of solutions is 
3 ∙ 2 = 6. 

It follows that the general number of solutions of the given equation is 
288 + 108 + 6 = 402. 

 
Answer: (𝐵) 402. 

 
 
9: It cot2 𝑥 + 8 cot 𝑥 + 3 = 0, 𝑥 ∈ [0, 2𝜋]. Then sum of all the solutions is? 
 
Solution. We rewrite the given equation 

𝑡2 + 8𝑡 + 3 = 0 

where 𝑡 = cot 𝑥. Then 𝑡1 = −4 − √13 and 𝑡2 = −4 + √13. It follows that the solutions of this 
equation, which belong to the segment [0, 2𝜋], are 

𝑥 = 𝜋 − arccot(4 + √13) or 𝑥 = 2𝜋 − arccot(4 + √13) or 𝑥 = 𝜋 − arccot(4 − √13) or 𝑥 =

2𝜋 − arccot(4 − √13) 

and the sum of all the solutions is 6𝜋 − 2 arccot(4 − √13) − 2 arccot(4 + √13). 
 
Answer: (𝐷) None of these. 

 
10: In any △ 𝐴𝐵𝐶, line joining circumcentre and Incentre is parallel to 𝐴𝐶 then 𝑂𝐼 is equal 

to (𝑅 is circumradius of △ 𝐴𝐵𝐶)? 
 

Solution. If 𝐴𝑂 = 𝐵𝑂 = 𝐶𝑂 = 𝑅 
and 𝑂𝐼 ∥ 𝐴𝐶 then ∠𝐼𝑂𝐴 = ∠𝑂𝐴𝐶 = ∠𝐶𝐴𝑂. 

By the law of sines we have that 
𝐼𝑂

sin ∠𝐼𝐶𝑂
=

𝐶𝑂

sin
𝐶
2

 

and 
𝐼𝑂

sin ∠𝐼𝐴𝑂
=

𝐴𝑂

sin
𝐴
2

 

Because ∠𝐼𝐴𝑂 =
𝐴

2
− ∠𝐼𝑂𝐴 and 

∠𝐼𝐶𝑂 = ∠𝐼𝑂𝐴 −
𝐶

2
 , then  

𝐼𝑂

sin (∠𝐼𝑂𝐴 −
𝐶
2)

=
𝑅

sin
𝐶
2

, 

  
𝐼𝑂

sin(
𝐴

2
−∠𝐼𝑂𝐴)

=
𝑅

sin
𝐴

2

, 

It follows that 
sin(

𝐴

2
−∠𝐼𝑂𝐴)

sin
𝐴

2

=
sin(∠𝐼𝑂𝐴−sin

𝐶

2
)

sin
𝐶

2

 

and by the tangent law we obtain that 
sin(

𝐴

2
−∠𝐼𝑂𝐴)

sin
𝐴

2

= tan (
𝐴

2
−

𝐶

2
).Thus, 𝐼𝑂 = 𝑅 |tan (

𝐴−𝐶

2
)|. 

 

Answer: (A) 𝑅 |tan (
𝐴−𝐶

2
)|. 


