
 

 

Answer on Question #54900 – Math – Calculus 

Determine whether the series converges or diverges 

1. Sum of (2k-1)(k^2-1)/(k+1)((k^2+4)^2) with k=1 ->infinite 

Solution 

Method 1 

The integral 

 ∫
(2𝑥−1)(𝑥2−1)𝑑𝑥

(𝑥+1)(𝑥2+4)2
= ∫

−3𝑥−7

(𝑥2+4)2

∞

1
𝑑𝑥 + ∫

2

𝑥2+4
𝑑𝑥 = −3∫

𝑥

(𝑥2+4)2
𝑑𝑥 − 7∫

1

(𝑥2+4)2
𝑑𝑥 +

∞

1

∞

1

∞

1

∞

1

2∫
1

𝑥2+4
𝑑𝑥 = lim

𝑡→∞
[−3(−

1

2(𝑡2+4)
) −

7

16
(

2𝑡

𝑡2+4
+ 𝑡𝑎𝑛−1 (

𝑡

2
)) +

∞

1

2

2
𝑡𝑎𝑛−1 (

𝑡

2
)]—3(−

1

2(12+4)
) −

7

16
(

2

12+4
+ 𝑡𝑎𝑛−1 (

1

2
)) +

2

2
𝑡𝑎𝑛−1 (

1

2
) =

1

32
(9𝜋 − 4 −

−18tan−1(
1

2
)) ≈ 0.49777  

converges, hence the series 

 ∑
(2𝑘−1)(𝑘2−1)

(𝑘+1)(𝑘2+4)2
∞
𝑘=1    

 converges according to the integral test. 

Method 2 

Function 𝑓(𝑥) =
(2𝑥−1)(𝑥2−1)

(𝑥+1)(𝑥2+4)2
 is equivalent to 𝑔(𝑥) =

2𝑥3

𝑥5
=

2

𝑥2
 as 𝑥 → ∞, that is, 

 lim
𝑥→∞

𝑓(𝑥)

𝑔(𝑥)
= 1. 

 The integral 

 ∫
2

𝑥2
𝑑𝑥

∞

1
= lim

𝑡→∞
(−

2

𝑡
+ 2) = 2  

converges, hence the integral 

 ∫
(2𝑥−1)(𝑥2−1)

(𝑥+1)(𝑥2+4)2
𝑑𝑥

∞

1
 

 converges.  

Thus, the series 



 

 

 ∑
(2𝑘−1)(𝑘2−1)

(𝑘+1)(𝑘2+4)2
∞
𝑘=1   

converges according to the integral test. 

 

2. Sum of sqrt(n)/(n-1) with n=2 ->infinite 

Solution 

Method 1 

The integral 

 ∫
√𝑥𝑑𝑥

𝑥−1
= |𝑦 = √𝑥, 𝑥 = 𝑦2| = ∫

2𝑦∙𝑦𝑑𝑦

𝑦2−1
= ∫ (2 +

1

𝑦−1
−

1

𝑦+1
)𝑑𝑦 = lim

𝑡→∞
(2𝑡 + 𝑙𝑛

𝑡−1

𝑡+1
−

∞

√2

∞

√2

∞

2

−2√2 − ln
√2−1

√2+1
) = ∞  

diverges hence the series diverges according to the integral test. 

Method 2 

Function 𝑓(𝑥) =
√𝑥

𝑥−1
 is equivalent to 𝑔(𝑥) =

√𝑥

𝑥
=

1

√𝑥
 as 𝑥 → ∞, that is, 

 lim
𝑥→∞

𝑓(𝑥)

𝑔(𝑥)
= 1. 

 The integral 

 ∫
1

√𝑥

∞

1
𝑑𝑥 = lim

𝑡→∞
(2√𝑡 − 2) = +∞ 

 diverges, hence the integral  

∫
√𝑥

𝑥 − 1
𝑑𝑥

∞

1

 

 diverges.  

Thus, the series 

 ∑
√𝑛

𝑛−1
∞
𝑛=2   

diverges according to the integral test. 

 

 



 

 

Method 3 

Because 

  
√𝒏

𝒏−𝟏
>

√𝒏

𝒏
=

𝟏

√𝒏
  

and the series 

  ∑
1

√𝑛

∞
𝒏=𝟐 = −1 + ∑

1

√𝑛

∞
𝒏=𝟏    

diverges as the generalized harmonic series with 
𝟏

𝟐
< 1, the series  ∑

√𝑛

𝑛−1
∞
𝑛=2  diverges 

according to comparison test. 

 

3. Sum of 1/(2n+3) with n=1 ->infinite 

Solution 

Method 1 

The integral ∫
𝑑𝑥

2𝑥+3
=

1

2
lim
𝑡→∞

(ln(2𝑡 + 3) − ln 5) = ∞
∞

1
 diverges, hence this series diverges 

according to the integral test. 

Method 2 

Function 𝑓(𝑥) =
1

2𝑥+3
 is equivalent to 𝑔(𝑥) =

1

2𝑥
 as 𝑥 → ∞, that is, 

 lim
𝑥→∞

𝑓(𝑥)

𝑔(𝑥)
= 1. 

 The integral 

 ∫
1

2𝑥

∞

1
𝑑𝑥 =

1

2
lim
𝑡→∞

(𝑙𝑛|𝑡| − 0) = +∞ 

 diverges, hence the integral  

∫
1

2𝑥 + 3
𝑑𝑥

∞

1

 

 diverges.  

Thus, the series 

 ∑
1

2𝑛+3
∞
𝑛=1   



 

 

diverges according to the integral test. 

 

4. Sum of (n+2)/((n+1)^3) with n=3 ->infinite 

Solution 

The integral 

 ∫
(𝑥+2)𝑑𝑥

(𝑥+1)3
= ∫

1

(𝑥+1)2
𝑑𝑥 + ∫

1

(𝑥+1)3
𝑑𝑥 = lim

𝑡→∞
(−

1

𝑡+1
−

1

2(𝑡+1)2
+

1

3+1
+

1

2(3+1)2
) =

∞

3

∞

3

9

32

∞

3
 

converges, hence the series   ∑
𝑛+2

(𝑛+1)3
∞
𝑛=1    converges according to the integral test. 
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