
 

 

Answer on Question #52764 – Math – Calculus 

 

Question 

Calculate  
𝑑𝑦

𝑑𝑥
  and  

𝑑2𝑦

𝑑𝑥2   for the following parametric equations: 

𝑦 = 𝑡2 𝑒−𝑡2
 

𝑥 = tan 𝑡 

Solution 

Method 1 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦
𝑑𝑡
𝑑𝑥
𝑑𝑡

=
(𝑡2 𝑒−𝑡2

)
𝑡

’

(tan 𝑡)𝑡
’

 

Calculate  

𝑑𝑦

𝑑𝑡
= 𝑦𝑡

′ = (𝑡2 𝑒−𝑡2
)

′
= 2𝑡𝑒−𝑡2

− 2𝑡3𝑒−𝑡2
= 2𝑡𝑒−𝑡2

(1 − 𝑡2), 

𝑑𝑥

𝑑𝑡
= 𝑥𝑡

′ = (tan 𝑡)′ =
1

𝑐𝑜𝑠2𝑡
. 

So 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
𝑑𝑥

𝑑𝑡

=
(𝑡2 𝑒−𝑡2

)
𝑡

’

(tan 𝑡)𝑡
’ =

2𝑡𝑒−𝑡2
(1−𝑡2)

1

𝑐𝑜𝑠2𝑡

= 2𝑡𝑒−𝑡2
(1 − 𝑡2)𝑐𝑜𝑠2𝑡 = 𝑒−𝑡2

(2𝑡 − 2𝑡3)𝑐𝑜𝑠2𝑡, 

 
𝑑2𝑦

𝑑𝑥2
=

𝑑𝑦

𝑑𝑥
𝑑𝑥

𝑑𝑡

=
𝑒−𝑡2

(2𝑡−2𝑡3)𝑐𝑜𝑠2𝑡
1

𝑐𝑜𝑠2𝑡

= 𝑒−𝑡2
(2𝑡 − 2𝑡3)𝑐𝑜𝑠4𝑡, 

Method 2 

If 𝑥 = tan 𝑡, then 𝑡 = arctan 𝑥. 

𝑡𝑥
′ = (arctan 𝑥)′ =

1

1 + 𝑥2
. 

𝑦𝑡
′ = (𝑡2 𝑒−𝑡2

)
′

= 2𝑡𝑒−𝑡2
− 2𝑡3𝑒−𝑡2

= 2𝑡𝑒−𝑡2
(1 − 𝑡2). 

 

 

So, 



 

 

dy

dx
=

𝑑𝑦

𝑑𝑡

𝑑𝑡

𝑑𝑥
= 2𝑡𝑒−𝑡2

(1 − 𝑡2) ∗
1

1 + 𝑥2
= 2 arctan 𝑥 ∗ 𝑒− arctan2 𝑥(1 − 𝑎𝑟𝑐𝑡𝑎𝑛2𝑥) ∗

1

1 + 𝑥2
 

Next, 

𝑑2𝑦

𝑑𝑥2
= (2 arctan 𝑥 ∗ 𝑒− arctan2 𝑥(1 − 𝑎𝑟𝑐𝑡𝑎𝑛2𝑥) ∗

1

1 + 𝑥2
)

𝑥

’

= (𝑒− arctan2 𝑥(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥) ∗
1

1 + 𝑥2
)

𝑥

’

=
(𝑒− arctan2 𝑥(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥))

𝑥

’
(1 + 𝑥2) − 𝑒− arctan2 𝑥(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥)(1 + 𝑥2)𝑥

’

(𝑥2 + 1)2

=
(𝑒− arctan2 𝑥(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥))

𝑥

’

𝑥2 + 1
−

2𝑥𝑒− arctan2 𝑥(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥)

(𝑥2 + 1)2

=
(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥)(𝑒− arctan2 𝑥)

𝑥

’

𝑥2 + 1
+

𝑒− arctan2 𝑥(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥)𝑥
’

𝑥2 + 1

−
2𝑥𝑒− arctan2 𝑥(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥)

(𝑥2 + 1)2

=
(2 arctan 𝑥 − 2𝑎𝑟𝑐𝑡𝑎𝑛3𝑥)𝑒− arctan2 𝑥(−2𝑎𝑟𝑐𝑡𝑎𝑛𝑥)

𝑥2 + 1
∗

1

𝑥2 + 1

+
𝑒− arctan2 𝑥 (

2
1 + 𝑥2 −

3 ∗ 2𝑎𝑟𝑐𝑡𝑎𝑛2𝑥
1 + 𝑥2 )

𝑥2 + 1
−

4𝑥𝑎𝑟𝑐𝑡𝑎𝑛𝑥 ∗ 𝑒− arctan2 𝑥

(𝑥2 + 1)2
+

4𝑥𝑎𝑟𝑐𝑡𝑎𝑛3𝑥 ∗ 𝑒− arctan2 𝑥

(𝑥2 + 1)2

=
𝑒− arctan2 𝑥(−4𝑎𝑟𝑐𝑡𝑎𝑛2𝑥 + 4𝑎𝑟𝑐𝑡𝑎𝑛4𝑥 + 2 − 6𝑎𝑟𝑐𝑡𝑎𝑛2𝑥 − 4𝑥𝑎𝑟𝑐𝑡𝑎𝑛𝑥 + 4𝑥𝑎𝑟𝑐𝑡𝑎𝑛3𝑥)

(𝑥2 + 1)2

=
2𝑒− arctan2 𝑥(2𝑎𝑟𝑐𝑡𝑎𝑛4𝑥 − 5𝑎𝑟𝑐𝑡𝑎𝑛2𝑥 − 2𝑥𝑎𝑟𝑐𝑡𝑎𝑛𝑥 + 2𝑥𝑎𝑟𝑐𝑡𝑎𝑛3𝑥 + 1)

(𝑥2 + 1)2
 

 

Answer:   
dy

dx
= 2 arctan 𝑥 𝑒− arctan2 𝑥(1 − arctan 𝑥2). 

𝑑2𝑦

𝑑𝑥2
=

2𝑒− arctan2 𝑥(2𝑎𝑟𝑐𝑡𝑎𝑛4𝑥 − 5𝑎𝑟𝑐𝑡𝑎𝑛2𝑥 − 2𝑥𝑎𝑟𝑐𝑡𝑎𝑛𝑥 + 2𝑥𝑎𝑟𝑐𝑡𝑎𝑛3𝑥 + 1)

(𝑥2 + 1)2
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