Answer on Question #52706 — Math — Differential Calculus | Equations
Solve the following by Bernoulli equation?
dy/dx + xy/(1-x*2) = x y*1/2

Solution

Y+ 5y =x]y
Function y = 0 is the solution of the initial equation. Let y # 0 and divide both
sides by \/; :

!

y X
y+1—x2\/;=x

!
Let z = \/; - z' = 2}:/; so we have:

X

2z + 2Z=X is a nonhomogeneous equation.
Method 1
Let z = uv, 2uv + 2uv + 1—xe uv = x,
2uv + uv =0
1— x2
2uv = x
Let v # 0, divide the first equation 2u'v + 1_xxz uv = 0 of system by v and
solve for u:
2u + u=0
1 — x2

Solution of the separated homogeneous equation

2u' + u=0

X
1 — x2



du_ X

u is separated equation

dx  1-x2
du xdx 1 4
- = S — 22 — — 12
” jl—xz - 2Ilnu 2ln(c(l x?) - u=cy1—x

Next, take ¢ = 1 and substitute u = V1 = 22 into the second equation

2uv’ = x of the system and solve for v:

2uv = x
21— x2v = «x
2V = —
v Y1-x2
2 j X dx+
v=| ——dx+c
V1 — 2 !

1 1
2v = —EJ(l —x3)73(-2x)dx + ¢,

1
1(1-2x%)"1

2 1
_Z+1

2
2v=—§4\/(1—x2)3+cl
— Y4/ 0N3 _a
v= 3‘/(1 x%)3 +c, c=-

Recall the substitution

2
z=uv=4\/1—x2(—§4 (1—x2)3+c)=—1 ~rcV1—a% =

3

x2-1
= +c\/1—x?

3

2v = +cq

A particular solution of the nonhomogeneous equation :



1
z, = E(Jnc2 - 1).

A general solution of the homogeneous equation :
z. = cy1—x?
So the general solution of the nonhomogeneous equation is
_ 4 2 _1 2

z=cV1l—x —5(1—x )

Recall the substitution z = \/; and finally obtain that
1

Jy = 1-x2—2(1-x%),

where c is an arbitrary real constant

or y=c 1—x2—%(1—x2)4\/1—x2+$(1—x2)2

Method 2
2z + 1_xx2 z = x is a nonhomogeneous equation
2z + 1_xx2 z = 0 is homogeneous equation
dz x . .
o T TzZls separated equation
) dz j xdx 21 1 I ( a 2))
—=-— - 2lnz==In({c(1—x -
z 1 — x2 2

Ssz=cV1—22 = C(x)V1 — 22,

x
1—x2

substitute it into the initial nonhomogeneous equation 2z’ +

2(C(x)4\/1—x2)’+ * (C(x)4\/1—x2)=x

1—x2

2C (x)V1—x2 + ZC(x)%(l - xz)%_l(—Zx) + ad V1—x2-Cx) =x

1—x2

zZ=X:




a V1—x%2-Cx) =x

, —2x
2C (x)V1 - x% + 2C(x) +
4_4/(1_x2)3 1—x2

divide by V1 — x2
, X X X
200~ mt =g (W ==
20 (x) = —
xX) = ———
V1 — 2

C(x) = —%J(l — xz)_%(—Zx)dx

14
1(1—x%)"1

C(x) =— +c
vl
3
Cox) 1(1—x?)
(x)__ZT-i_C
4

3
1(1—x2%)2 1—x
z=Cx)Y1-2a2 = ——u+c V1—x2=—

4 3 3
4
x% -1
= +cV1— x2

3

Recall the substitution z = \/; and finally obtain that
Jy =l 1—x2—§(1—x2)

or y=c 1—x2—%(1—x2)4\/1—x2+%(1—x2)2



Method 3

X

A
2z + -

Z = x is a nonhomogeneous equation

S X
T I )

This is a linear first order ordinary differential equation in the
dependent variable x. We write the equation in the form:

dz B
—+P(07= Q)

dz+ b X
dx  2A-x)272

X

So P(x) = ﬁﬂ(x) =3

The integrating factor is

”(x) — efP(x)dx

that is,
X
u(x) = & 2a-2"
f x d_1j—2xd_111 )
20— =3 o= —gnd XY
1 2 1
_ ,—gin(1-x?) _
p(x) = e73 =
V1 — «2
Consider a differential equation
dz N x X
dx " 2(1—-x)° 72
multiplying by ! gives

1—x2



1 dz X X
—_— 7 =——
V1—x2dx  2(1-x2)V1—x2 2V1 — x2

So ) (4 ) 4
x

2V1 — a2

integrating both sides with respect to x gives

(z(1 - xz)‘l/‘*)’ =

xdx

z(1—x?)"V4 = f—
2V1 — x2

z(1—x%)"1/4 = —%j(l — xz)_%(—Zx)dx

1
1 (1—x2)_Z+1

+c
4 —%+1 ’

z(1— x2)~1/4 =

where cis an arbitrary real constant

2y-1/4 _ _ 1 233
z(1—x°) ——5(1—x)4+c,
whence

1-x2 4
zZ=- +cV1 — x?,

3

x2-1 4
z=— +cV1—x2,

where c is an arbitrary real constant.

The solution to a linear first order differential equation is then

_ [r@®Q@dx+C

2(x) PIeS

3
f—4 X dx+C 1(1 2\%
1_x2 —(1=x%)*t+c 429 4
z(x) = =74 =—— =3 + cV1 — x2,
4\/l—x2 4\/l—x2




where c is an arbitrary real constant.

Recall the substitution z = \/; and finally obtain that
Jy = 1—x2—§(1—x2),

where cis an arbitrary real constant

or y=cV1— x2 —%(l—xz)m+%(1—x2)2

Answer:\/;=c4 1—x2—§(1—x2), y=0.
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