
 

 

Answer on Question #52706 – Math – Differential Calculus | Equations 

Solve the following by Bernoulli equation? 

dy/dx + xy/(1-x^2) = x y^1/2 

Solution 

 𝒚′ +
𝒙

𝟏−𝒙𝟐
𝒚 = 𝒙√𝒚   

Function 𝒚 = 𝟎 is the solution of the initial equation. Let 𝒚 ≠ 𝟎 and divide both 

sides by √𝒚 : 

 
𝒚′

√𝒚
+

𝒙

𝟏 − 𝒙𝟐 √𝒚 = 𝒙 

Let  𝒛 = √𝒚  →   𝒛′ =
𝒚′

𝟐√𝒚
  so we have: 

 𝟐𝒛′ +
𝒙

𝟏−𝒙𝟐
𝒛 = 𝒙 is a nonhomogeneous equation. 

Method 1 

Let 𝒛 = 𝒖𝒗, 𝟐𝒖’𝒗 + 𝟐𝒖𝒗’ +
𝒙

𝟏−𝒙𝟐
𝒖𝒗 = 𝒙, 

{
𝟐𝒖’𝒗 +

𝒙

𝟏 − 𝒙𝟐
𝒖𝒗 = 𝟎

𝟐𝒖𝒗’ = 𝒙

 

Let 𝒗 ≠ 𝟎, divide the first equation 𝟐𝒖’𝒗 +
𝒙

𝟏−𝒙𝟐
𝒖𝒗 = 𝟎  of system by 𝒗  and 

solve for u: 

𝟐𝒖’ +
𝒙

𝟏 − 𝒙𝟐
𝒖 = 𝟎 

Solution of the separated homogeneous equation  

𝟐𝒖′ +
𝒙

𝟏 − 𝒙𝟐
𝒖 = 𝟎 



 

 

𝟐
𝒅𝒖

𝒅𝒙
= −

𝒙

𝟏−𝒙𝟐
𝒖 is separated equation 

𝟐 ∫
𝒅𝒖

𝒖
= − ∫

𝒙𝒅𝒙

𝟏 − 𝒙𝟐
 →   𝟐𝒍𝒏𝒖 =

𝟏

𝟐
𝒍𝒏(𝒄(𝟏 − 𝒙𝟐))  →    𝒖 = 𝒄√𝟏 − 𝒙𝟐𝟒

  

Next, take 𝒄 = 𝟏 and substitute 𝒖 = √𝟏 − 𝒙𝟐𝟒
 into the second equation 

𝟐𝒖𝒗’ = 𝒙   of the system and solve for 𝒗:  

𝟐𝒖𝒗’ = 𝒙    

𝟐√𝟏 − 𝒙𝟐𝟒
𝒗’ = 𝒙    

𝟐𝒗’ =
𝒙

√𝟏−𝒙𝟐𝟒     

𝟐𝒗 = ∫
𝒙

√𝟏 − 𝒙𝟐𝟒 𝒅𝒙 + 𝒄𝟏 

𝟐𝒗 = −
𝟏

𝟐
∫(𝟏 − 𝒙𝟐)−

𝟏
𝟒(−𝟐𝒙) 𝒅𝒙 + 𝒄𝟏 

𝟐𝒗 = −
𝟏

𝟐

(𝟏 − 𝒙𝟐)−
𝟏
𝟒

+𝟏

−
𝟏
𝟒

+ 𝟏
+ 𝒄𝟏 

𝟐𝒗 = −
𝟐

𝟑
√(𝟏 − 𝒙𝟐)𝟑𝟒

+ 𝒄𝟏 

𝒗 = −
𝟏

𝟑
√(𝟏 − 𝒙𝟐)𝟑𝟒

+ 𝒄,     𝒄 =
𝒄𝟏

𝟐
 

Recall the substitution 

 𝒛 = 𝒖𝒗 = √𝟏 − 𝒙𝟐𝟒
(−

𝟏

𝟑
√(𝟏 − 𝒙𝟐)𝟑𝟒

+ 𝒄) = −
𝟏−𝒙𝟐

𝟑
+ 𝒄√𝟏 − 𝒙𝟐𝟒

= 

=
𝒙𝟐 − 𝟏

𝟑
+ 𝒄√𝟏 − 𝒙𝟐𝟒

 

A particular solution of the nonhomogeneous equation : 



 

 

 𝒛𝒑 =
𝟏

𝟑
(𝒙𝟐 − 𝟏). 

A general solution of the homogeneous equation : 

𝒛𝒄 = 𝒄√𝟏 − 𝒙𝟐𝟒
 

So the general solution of the nonhomogeneous equation is 

  𝒛 = 𝒄√𝟏 − 𝒙𝟐𝟒
−

𝟏

𝟑
( 𝟏 − 𝒙𝟐) 

Recall the substitution  𝒛 = √𝒚    and finally obtain that 

  √𝒚 = 𝒄√𝟏 − 𝒙𝟐𝟒
−

𝟏

𝟑
( 𝟏 − 𝒙𝟐), 

where c is an arbitrary real constant 

or   𝒚 = 𝒄√𝟏 − 𝒙𝟐 −
𝟐𝒄

𝟑
(𝟏 − 𝒙𝟐)√𝟏 − 𝒙𝟐𝟒

+
𝟏

𝟗
(𝟏 − 𝒙𝟐)𝟐 

Method 2 

𝟐𝒛′ +
𝒙

𝟏−𝒙𝟐
𝒛 = 𝒙 is a nonhomogeneous equation 

𝟐𝒛′ +
𝒙

𝟏−𝒙𝟐
𝒛 = 𝟎 is homogeneous equation 

𝟐
𝒅𝒛

𝒅𝒙
= −

𝒙

𝟏−𝒙𝟐
𝒛 is separated equation 

𝟐 ∫
𝒅𝒛

𝒛
= − ∫

𝒙𝒅𝒙

𝟏 − 𝒙𝟐
 →   𝟐𝒍𝒏𝒛 =

𝟏

𝟐
𝒍𝒏 (𝒄(𝟏 − 𝒙𝟐))  →    

→ 𝒛 = 𝒄√𝟏 − 𝒙𝟐𝟒
= 𝑪(𝒙)√𝟏 − 𝒙𝟐𝟒

, 

substitute it into the initial nonhomogeneous equation 𝟐𝒛′ +
𝒙

𝟏−𝒙𝟐
𝒛 = 𝒙: 

𝟐 (𝑪(𝒙)√𝟏 − 𝒙𝟐𝟒
) ′ +

𝒙

𝟏 − 𝒙𝟐
(𝑪(𝒙)√𝟏 − 𝒙𝟐𝟒

) = 𝒙 

𝟐𝑪’(𝒙)√𝟏 − 𝒙𝟐𝟒
+ 𝟐𝑪(𝒙)

𝟏

𝟒
(𝟏 − 𝒙𝟐)

𝟏
𝟒

−𝟏(−𝟐𝒙) +
𝒙

𝟏 − 𝒙𝟐
√𝟏 − 𝒙𝟐𝟒

∙ 𝑪(𝒙) = 𝒙 



 

 

𝟐𝑪’(𝒙)√𝟏 − 𝒙𝟐𝟒
+ 𝟐𝑪(𝒙)

−𝟐𝒙

𝟒√(𝟏 − 𝒙𝟐)𝟑𝟒
+

𝒙

𝟏 − 𝒙𝟐
√𝟏 − 𝒙𝟐𝟒

∙ 𝑪(𝒙) = 𝒙 

divide by √𝟏 − 𝒙𝟐𝟒
 

𝟐𝑪’(𝒙) − 𝑪(𝒙)
𝒙

𝟏 − 𝒙𝟐
+

𝒙

𝟏 − 𝒙𝟐
∙ 𝑪(𝒙) =

𝒙

√𝟏 − 𝒙𝟐𝟒  

𝟐𝑪’(𝒙) =
𝒙

√𝟏 − 𝒙𝟐𝟒  

𝑪(𝒙) = −
𝟏

𝟒
∫(𝟏 − 𝒙𝟐)−

𝟏
𝟒(−𝟐𝒙)𝒅𝒙 

𝑪(𝒙) = −
𝟏

𝟒

(𝟏 − 𝒙𝟐)−
𝟏
𝟒

+𝟏

−
𝟏
𝟒

+ 𝟏
+ 𝒄 

𝑪(𝒙) = −
𝟏

𝟒

(𝟏 − 𝒙𝟐)
𝟑
𝟒

𝟑
𝟒

+ 𝒄 

𝒛 = 𝑪(𝒙)√𝟏 − 𝒙𝟐𝟒
= (−

𝟏

𝟒

(𝟏 − 𝒙𝟐)
𝟑
𝟒

𝟑
𝟒

+ 𝒄) √𝟏 − 𝒙𝟐𝟒
= −

𝟏 − 𝒙𝟐

𝟑
+ 𝒄√𝟏 − 𝒙𝟐𝟒

=

=
𝒙𝟐 − 𝟏

𝟑
+ 𝒄√𝟏 − 𝒙𝟐𝟒

 

Recall the substitution  𝒛 = √𝒚    and finally obtain that 

  √𝒚 = 𝒄√𝟏 − 𝒙𝟐𝟒
−

𝟏

𝟑
( 𝟏 − 𝒙𝟐) 

or   𝒚 = 𝒄√𝟏 − 𝒙𝟐 −
𝟐𝒄

𝟑
(𝟏 − 𝒙𝟐)√𝟏 − 𝒙𝟐𝟒

+
𝟏

𝟗
(𝟏 − 𝒙𝟐)𝟐 

 

 

 



 

 

Method 3 

𝟐𝒛′ +
𝒙

𝟏−𝒙𝟐
𝒛 = 𝒙 is a nonhomogeneous equation 

𝒛′ +
𝒙

𝟐(𝟏 − 𝒙𝟐)
𝒛 =

𝒙

𝟐
 

This is a linear first order ordinary differential equation in the 

dependent variable 𝒙. We write the equation in the form: 

𝒅𝒛

𝒅𝒙
+ 𝑷(𝒙)𝒛 = 𝑸(𝒙) 

𝒅𝒛

𝒅𝒙
+

𝒙

𝟐(𝟏 − 𝒙𝟐)
𝒛 =

𝒙

𝟐
 

 

So 𝑷(𝒙) =
𝒙

𝟐(𝟏−𝒙𝟐)
, 𝑸(𝒙) =

𝒙

𝟐
 

The integrating factor is 

𝝁(𝒙) = 𝒆∫ 𝑷(𝒙)𝒅𝒙 

that is, 

𝝁(𝒙) = 𝒆
∫

𝒙
𝟐(𝟏−𝒙𝟐)

𝒅𝒙
 

∫
𝒙

𝟐(𝟏 − 𝒙𝟐)
𝒅𝒙 = −

𝟏

𝟒
∫

−𝟐𝒙

𝟏 − 𝒙𝟐
𝒅𝒙 = −

𝟏

𝟒
𝐥𝐧 (𝟏 − 𝒙𝟐) 

𝝁(𝒙) = 𝒆−
𝟏
𝟒

𝐥𝐧 (𝟏−𝒙𝟐) =
𝟏

√𝟏 − 𝒙𝟐𝟒  

Consider a differential equation 

𝒅𝒛

𝒅𝒙
+

𝒙

𝟐(𝟏 − 𝒙𝟐)
𝒛 =

𝒙

𝟐
 

multiplying by 
1

√1−𝑥24    gives  



 

 

1

√1 − 𝑥24

𝑑𝑧

𝑑𝑥
+

𝒙

𝟐(𝟏 − 𝒙𝟐)√1 − 𝑥24  𝑧 =
𝒙

𝟐√1 − 𝑥24   

So , (
𝑧

√1−𝑥24 )
’

=
𝒙

𝟐 √1−𝑥24  

(𝒛(𝟏 − 𝒙𝟐)−𝟏/𝟒)
’

=
𝒙

𝟐√𝟏 − 𝒙𝟐𝟒  

integrating both sides with respect to 𝒙 gives 

𝒛(𝟏 − 𝒙𝟐)−𝟏/𝟒 = ∫
𝒙𝒅𝒙

𝟐√𝟏 − 𝒙𝟐𝟒  

𝒛(𝟏 − 𝒙𝟐)−𝟏/𝟒 = −
𝟏

𝟒
∫(𝟏 − 𝒙𝟐)−

𝟏
𝟒(−𝟐𝒙)𝒅𝒙 

𝒛(𝟏 − 𝒙𝟐)−𝟏/𝟒 = −
𝟏

𝟒

(𝟏−𝒙𝟐)
−

𝟏
𝟒

+𝟏

−
𝟏

𝟒
+𝟏

+ 𝒄, 

where c is an arbitrary real constant 

𝒛(𝟏 − 𝒙𝟐)−𝟏/𝟒 = −
𝟏

𝟑
(𝟏 − 𝒙𝟐)

𝟑

𝟒 + 𝒄, 

whence  

𝒛 = −
𝟏−𝒙𝟐

𝟑
+ 𝒄√𝟏 − 𝒙𝟐𝟒

, 

𝒛 =
𝒙𝟐−𝟏

𝟑
+ 𝒄√𝟏 − 𝒙𝟐𝟒

, 

where  𝒄 is an arbitrary real constant. 

The solution to a linear first order differential equation is then 

𝒛(𝒙) =
∫ 𝝁(𝒙)𝑸(𝒙)𝒅𝒙 + 𝑪

𝝁(𝒙)
 

𝒛(𝒙) =
∫

𝒙

𝟐 √𝟏−𝒙𝟐𝟒 𝒅𝒙+𝑪

𝟏

√𝟏−𝒙𝟐𝟒

=
−

𝟏

𝟑
(𝟏−𝒙𝟐)

𝟑
𝟒+𝒄

𝟏

√𝟏−𝒙𝟐𝟒

=
𝒙𝟐−𝟏

𝟑
+ 𝒄√𝟏 − 𝒙𝟐𝟒

, 



 

 

where 𝒄 is an arbitrary real constant. 

Recall the substitution  𝒛 = √𝒚    and finally obtain that 

  √𝒚 = 𝒄√𝟏 − 𝒙𝟐𝟒
−

𝟏

𝟑
( 𝟏 − 𝒙𝟐), 

where c is an arbitrary real constant 

or   𝒚 = 𝒄√𝟏 − 𝒙𝟐 −
𝟐𝒄

𝟑
(𝟏 − 𝒙𝟐)√𝟏 − 𝒙𝟐𝟒

+
𝟏

𝟗
(𝟏 − 𝒙𝟐)𝟐 

Answer: √𝒚 = 𝒄√𝟏 − 𝒙𝟐𝟒
−

𝟏

𝟑
( 𝟏 − 𝒙𝟐),   𝒚 = 𝟎. 
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