
 

 

Answer on Question #52635 – Math – Multivariable  Calculus 

1) Use spherical coordinates to calculate the triple integral of 𝑓(𝑥, 𝑦, 𝑧) over the given region 

D 

a. 𝑓(𝑥, 𝑦, 𝑧) = 𝑦, 𝐷: 𝑥2 + 𝑦2 + 𝑧2 ≤ 1, 𝑥, 𝑦, 𝑧 ≤ 0 

b. 𝑓(𝑥, 𝑦, 𝑧) = (𝑥2 + 𝑦2 + 𝑧2)−
3

2, 𝐷: 2 ≤ 𝑥2 + 𝑦2 + 𝑧2 ≤ 4 

2) Find a potential function for (𝑦𝑧2, 𝑥𝑧2, 2𝑥𝑦𝑧) 

Solution: 

1) The spherical coordinates 

𝑥 = 𝑟 sin𝜙 cos 𝜃
𝑦 = 𝑟 sin 𝜙 sin 𝜃
𝑧 = 𝑟 cos𝜙

, 

where 𝑟 ∈ [0,∞), 𝜃 ∈ [0,2𝜋), 𝜙 ∈ [0, 𝜋]. 

The Jacobian is 

|
𝜕(𝑥, 𝑦, 𝑧)

𝜕(𝑟, 𝜃, 𝜙)
| = 𝑟2 sin 𝜙. 

a. Let’s express 𝐷 in terms of spherical coordinates: 

𝐷: 𝑟 ≤ 1, 𝜃 ∈ [𝜋,
3𝜋

2
] , 𝜙 ∈ [

𝜋

2
, 𝜋]. 

𝑓 in spherical coordinates is given by 

𝑓(𝑟, 𝜃, 𝜙) = 𝑟 sin𝜙 sin 𝜃 

The triple integral of 𝑓 over 𝐷 is given by 

∭𝑓(𝑟, 𝜃, 𝜙)𝑟2 sin 𝜙 𝑑𝑟𝑑𝜃𝑑𝜙

𝐷
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. 

b. Let’s express 𝐷 in terms of spherical coordinates: 

𝐷:√2 ≤ 𝑟 ≤ 2, 𝜃 ∈ [0, 2𝜋), 𝜙 ∈ [0, 𝜋]. 

𝑓 in spherical coordinates is given by 

𝑓(𝑟, 𝜃, 𝜙) =
1

𝑟3
 

The triple integral of 𝑓 over 𝐷 is given by 

∭𝑓(𝑟, 𝜃, 𝜙)𝑟2 sin 𝜙 𝑑𝑟𝑑𝜃𝑑𝜙

𝐷

= 

=∭
1

𝑟
sin𝜙 𝑑𝑟𝑑𝜃𝑑𝜙
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1

𝑟
𝑑𝑟

2

√2

)(∫ 1𝑑𝜃

2𝜋

0

)(∫ sin𝜙 𝑑𝜙

𝜋

0

) = 
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𝜋) = ln(√2) 2𝜋 ∙ 2 = 2𝜋 ln 2. 

2) We’ll assume that 𝑓 = ∇𝑉, then 

𝑦𝑧2 =
𝜕𝑉

𝜕𝑥
 

𝑥𝑧2 =
𝜕𝑉

𝜕𝑦
 

2𝑥𝑦𝑧 =
𝜕𝑉

𝜕𝑧
 

Integrating the first of these equations we obtain 

𝑉 = 𝑥𝑦𝑧2 + 𝐶(𝑦, 𝑧)  

Substituting this into the 2nd and 3rd equations we obtain 

𝑥𝑧2 = 𝑥𝑧2 +
𝜕𝐶

𝜕𝑦
 

2𝑥𝑦𝑧 = 2𝑥𝑦𝑧 +
𝜕𝐶

𝜕𝑧
 

that is, 

𝜕𝐶

𝜕𝑦
= 0 



 

 

𝜕𝐶

𝜕𝑧
= 0 

𝐶 = 0 satisfies both of these equations. Therefore, 

𝑉 = 𝑥𝑦𝑧2 

Answer: 

1)  

a. 
𝜋

16
 

b. 2𝜋 ln 2 

2) 𝑉 = 𝑥𝑦𝑧2 
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