
Answer on Question #52628 - Math - Vector Calculus 

1) Verify that the vector fields are conservation by comparing cross derivatives, then 

potential functions for the, by taking anti-derivatives 

A) 𝑓 = (𝑧, 1, 𝑥) 

B) 𝑓 = (𝑦2, 2𝑥𝑦 + 𝑒𝑧 , 𝑦𝑒𝑧) 

C) 𝑓 = (cos 𝑧 , 2𝑦, −𝑥 sin 𝑧) 

Solution 

Curl is given by 

∇ × 𝑓 = |
|

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝑓𝑥 𝑓𝑦 𝑓𝑧

|
| = [

𝜕𝑓𝑧

𝜕𝑦
−

𝜕𝑓𝑦

𝜕𝑧
] 𝑖 + [

𝜕𝑓𝑥

𝜕𝑧
−

𝜕𝑓𝑧

𝜕𝑥
] 𝑗 + [

𝜕𝑓𝑦

𝜕𝑥
−

𝜕𝑓𝑥

𝜕𝑦
] 𝑘⃗⃗ 

A) Since 

∇ × 𝑓 = ||

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝑧 1 𝑥

|| = [
𝜕𝑥

𝜕𝑦
−

𝜕1

𝜕𝑧
] 𝑖 + [

𝜕𝑧

𝜕𝑧
−

𝜕𝑥

𝜕𝑥
] 𝑗 + [

𝜕1

𝜕𝑥
−

𝜕𝑧

𝜕𝑦
] 𝑘⃗⃗ = 

= [0 − 0]𝑖 + [1 − 1]𝑗 + [0 − 0]𝑘⃗⃗ = 0⃗⃗, 

the vector field 𝑓 is conservative. It’s easy to verify (𝑓 = ∇𝑉) that its potential function is 

given by 

𝑉 = 𝑥𝑧 + 𝑦 + 𝐶 (where 𝐶 is an arbitrary real constant), because   

 ∇𝑉 = (
𝜕(𝑥𝑧+𝑦+𝐶)

𝜕𝑥
;

𝜕(𝑥𝑧+𝑦+𝐶)

𝜕𝑦
;

𝜕(𝑥𝑧+𝑦+𝐶)

𝜕𝑧
) = (𝑧, 1, 𝑥).  

To find function 𝑉,  solve the following system 

 
𝜕𝑉

𝜕𝑥
= 𝑓𝑥,

𝜕𝑉

𝜕𝑦
= 𝑓𝑦, 

𝜕𝑉

𝜕𝑧
= 𝑓𝑧; that is, 

𝜕𝑉

𝜕𝑥
= 𝑧,

𝜕𝑉

𝜕𝑦
= 1, 

𝜕𝑉

𝜕𝑧
= 𝑥; 

For 
𝜕𝑉

𝜕𝑥
= 𝑧 integrate both sides with respect to 𝑥 and obtain 𝑉 = 𝑧𝑥 + 𝑔(𝑦, 𝑧). Taking 

the partial derivative of the both sides with respect to y obtain 

 
𝜕𝑉

𝜕𝑦
=

𝜕

𝜕𝑦
(𝑧𝑥 + 𝑔(𝑦, 𝑧)) =

𝜕𝑔(𝑦,𝑧)

𝜕𝑦
. 

 On the other hand, taking into account the system, 
𝜕𝑉

𝜕𝑦
= 1.   



Equating right-hand sides of two formulas gives  
𝜕𝑔(𝑦,𝑧)

𝜕𝑦
= 1.   

Integrating both sides with respect to y obtain 𝑔(𝑦, 𝑧) = 𝑦 + 𝐶(𝑧), hence 

  𝑉 = 𝑧𝑥 + 𝑔(𝑦, 𝑧) = 𝑧𝑥 + 𝑦 + 𝐶(𝑧).  

Taking the partial derivative of the both sides with respect to z obtain 

 
𝜕𝑉

𝜕𝑧
=

𝜕

𝜕𝑧
(𝑧𝑥 + 𝑦 + 𝐶(𝑧)) = 𝑥 + 𝐶 ’(𝑧). 

On the other hand, taking into account the system,   
𝜕𝑉

𝜕𝑧
= 𝑥 . 

Equating right-hand sides of two formulas gives  𝑥 + 𝐶 ’(𝑧) = 𝑥, hence 𝐶 ’(𝑧) = 0, 

integrating with respect to z gives 𝐶(𝑧) = 𝐶, where C  is an arbitrary real constant. 

Thus,   𝑉 = 𝑧𝑥 + 𝑔(𝑦, 𝑧) = 𝑧𝑥 + 𝑦 + 𝐶(𝑧) = 𝑧𝑥 + 𝑦 + 𝐶. 

 

B) Since 

∇ × 𝑓 = |
|

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑦2 2𝑥𝑦 + 𝑒𝑧 𝑦𝑒𝑧

|
| =

= [
𝜕(𝑦𝑒𝑧)

𝜕𝑦
−

𝜕(2𝑥𝑦 + 𝑒𝑧)

𝜕𝑧
] 𝑖 + [

𝜕(𝑦2)

𝜕𝑧
−

𝜕(𝑦𝑒𝑧)

𝜕𝑥
] 𝑗

+ [
𝜕(2𝑥𝑦 + 𝑒𝑧)

𝜕𝑥
−

𝜕(𝑦2)

𝜕𝑦
] 𝑘⃗⃗ 

= [𝑒𝑧 − 𝑒𝑧]𝑖 + [0 − 0]𝑗 + [2𝑦 − 2𝑦]𝑘⃗⃗ = 0⃗⃗ 

the vector field 𝑓 is conservative. It’s easy to verify (𝑓 = ∇𝑉) that its potential function is 

given by 

𝑉 = 𝑥𝑦2 + 𝑦𝑒𝑧 + 𝐶 (where C is an arbitrary real constant), 

because   

 ∇𝑉 = (
𝜕(𝑥𝑦2+𝑦𝑒𝑧+𝐶)

𝜕𝑥
;

𝜕(𝑥𝑦2+𝑦𝑒𝑧+𝐶)

𝜕𝑦
;

𝜕(𝑥𝑦2+𝑦𝑒𝑧+𝐶)

𝜕𝑧
) = (𝑦2, 𝑒𝑧 , 𝑦𝑒𝑧).  

To find function 𝑉,  solve the following system 

 
𝜕𝑉

𝜕𝑥
= 𝑓𝑥,

𝜕𝑉

𝜕𝑦
= 𝑓𝑦, 

𝜕𝑉

𝜕𝑧
= 𝑓𝑧; that is, 

𝜕𝑉

𝜕𝑥
= 𝑦2,

𝜕𝑉

𝜕𝑦
= 2𝑥𝑦 + 𝑒𝑧, 

𝜕𝑉

𝜕𝑧
= 𝑦𝑒𝑧; 



For 
𝜕𝑉

𝜕𝑥
= 𝑦2 integrate both sides with respect to 𝑥 and obtain 𝑉 = 𝑥𝑦2 + 𝑔(𝑦, 𝑧). Taking 

the partial derivative of the both sides with respect to y obtain 

 
𝜕𝑉

𝜕𝑦
=

𝜕

𝜕𝑦
(𝑥𝑦2 + 𝑔(𝑦, 𝑧)) = 2𝑥𝑦 +

𝜕𝑔(𝑦,𝑧)

𝜕𝑦
. 

 On the other hand, taking into account the system,  
𝜕𝑉

𝜕𝑦
= 2𝑥𝑦 + 𝑒𝑧.   

Equating right-hand sides of two formulas gives  
𝜕𝑔(𝑦,𝑧)

𝜕𝑦
= 𝑒𝑧.   

Integrating both sides with respect to y obtain 𝑔(𝑦, 𝑧) = 𝑦𝑒𝑧 + 𝐶(𝑧), hence 

  𝑉 = 𝑥𝑦2 + 𝑔(𝑦, 𝑧) = 𝑥𝑦2 + 𝑦𝑒𝑧 + 𝐶(𝑧).  

Taking the partial derivative of the both sides with respect to z obtain 

 
𝜕𝑉

𝜕𝑧
=

𝜕

𝜕𝑧
(𝑥𝑦2 + 𝑦𝑒𝑧 + 𝐶(𝑧)) = 𝑦𝑒𝑧 + 𝐶 ’(𝑧). 

On the other hand, taking into account the system,   
𝜕𝑉

𝜕𝑧
= 𝑦𝑒𝑧 . 

Equating right-hand sides of two formulas gives  𝑦𝑒𝑧 + 𝐶 ’(𝑧) = 𝑦𝑒𝑧, hence 𝐶 ’(𝑧) = 0, 

integrating with respect to z gives 𝐶(𝑧) = 𝐶, where C  is an arbitrary real constant. 

Thus,    𝑉 = 𝑥𝑦2 + 𝑔(𝑦, 𝑧) = 𝑥𝑦2 + 𝑦𝑒𝑧 + 𝐶(𝑧) = 𝑥𝑦2 + 𝑦𝑒𝑧 + 𝐶 

 

 

C) Since 

∇ × 𝑓 = ||

𝑖 𝑗 𝑘⃗⃗
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
cos𝑧 2𝑦 −𝑥sin𝑧

|| =

= [
𝜕(−𝑥 sin 𝑧)

𝜕𝑦
−

𝜕(2𝑦)

𝜕𝑧
] 𝑖 + [

𝜕(cos 𝑧)

𝜕𝑧
−

𝜕(−𝑥 sin 𝑧)

𝜕𝑥
] 𝑗

+ [
𝜕(2𝑦)

𝜕𝑥
−

𝜕(cos 𝑧)

𝜕𝑦
] 𝑘⃗⃗ 

= [0 − 0]𝑖 + [− sin 𝑧 − (− sin 𝑧)]𝑗 + [0 − 0]𝑘⃗⃗ = 0⃗⃗, 

the vector field 𝑓 is conservative. It’s easy to verify (𝑓 = ∇𝑉) that its potential function is 

given by 

𝑉 = 𝑦2 + 𝑥 cos 𝑧 + 𝐶 (where C  is an arbitrary real constant), because 

 ∇𝑉 = (
𝜕(𝑦2+𝑥 cos 𝑧+𝐶)

𝜕𝑥
;

𝜕(𝑦2+𝑥 cos 𝑧+𝐶)

𝜕𝑦
;

𝜕(𝑦2+𝑥 cos 𝑧+𝐶)

𝜕𝑧
) = (cos𝑧, 2𝑦, −𝑥sin𝑧). 



To find function 𝑉,  solve the following system 

 
𝜕𝑉

𝜕𝑥
= 𝑓𝑥,

𝜕𝑉

𝜕𝑦
= 𝑓𝑦, 

𝜕𝑉

𝜕𝑧
= 𝑓𝑧; that is, 

𝜕𝑉

𝜕𝑥
= cos𝑧,

𝜕𝑉

𝜕𝑦
= 2𝑦, 

𝜕𝑉

𝜕𝑧
= −𝑥sin𝑧; 

For 
𝜕𝑉

𝜕𝑥
= cos𝑧 integrate both sides with respect to 𝑥 and obtain 𝑉 = 𝑥cos𝑧 + 𝑔(𝑦, 𝑧). 

Taking the partial derivative of the both sides with respect to y obtain 

 
𝜕𝑉

𝜕𝑦
=

𝜕

𝜕𝑦
(𝑥cos𝑧 + 𝑔(𝑦, 𝑧)) =

𝜕𝑔(𝑦,𝑧)

𝜕𝑦
. 

 On the other hand, taking into account the system,  
𝜕𝑉

𝜕𝑦
= 2𝑦.   

Equating right-hand sides of two formulas gives  
𝜕𝑔(𝑦,𝑧)

𝜕𝑦
= 2𝑦.   

Integrating both sides with respect to y obtain  𝑔(𝑦, 𝑧) = 𝑦2 + 𝐶(𝑧), hence 

  𝑉 = 𝑥cos𝑧 + 𝑔(𝑦, 𝑧) = 𝑥cos𝑧 + 𝑦2 + 𝐶(𝑧).  

Taking the partial derivative of the both sides with respect to z obtain 

 
𝜕𝑉

𝜕𝑧
=

𝜕

𝜕𝑧
(𝑥cos𝑧 + 𝑦2 + 𝐶(𝑧)) = −𝑥sin𝑧 + 𝐶 ’(𝑧). 

On the other hand, taking into account the system,   
𝜕𝑉

𝜕𝑧
= −𝑥sin𝑧 . 

Equating right-hand sides of two formulas gives  −𝑥sin𝑧 + 𝐶 ’(𝑧) = −𝑥sin𝑧, hence 

𝐶 ’(𝑧) = 0, integrating with respect to z gives 𝐶(𝑧) = 𝐶, where C  is an arbitrary real 

constant. 

Thus,    𝑉 = 𝑥cos𝑧 + 𝑔(𝑦, 𝑧) = 𝑥cos𝑧 + 𝑦2 + 𝐶(𝑧) = 𝑥cos𝑧 + 𝑦2 + 𝐶 

 

 

Answer: 

A) 𝑥𝑧 + 𝑦 + 𝐶 

B) 𝑥𝑦2 + 𝑦𝑒𝑧 + 𝐶 

C) 𝑥cos𝑧 + 𝑦2 + 𝐶 
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