
 

 

Answer on Question #52364 - Math - Calculus 

 

Solution: 

(A) Since the cross-section of the solid doesn’t change along the z-axis, z-coordinate of the 

centroid is 𝐻/2 (half-height). Since Oxz plane divides the solid into symmetric halves, 

the y-coordinate of the centroid is 0. Therefore, we should only calculate 𝑉𝑥 and 𝑉. The 

cross-section of the base is given by 

𝐴𝑏 =
11

12
𝜋𝑅2 

Thus, the volume of the solid is 

𝑉 = 𝐻 ∙ 𝐴𝑏 =
11

12
𝜋𝐻 ∙ 𝑅2 

Let’s now calculate 𝑉𝑥: 

𝑉𝑥 = ∫ 𝑥𝑑𝓌
𝒲

= |
𝑑𝓌 = 2𝐻√𝑅2 − 𝑥2𝑑𝑥                                   𝑥 ∈ [−𝑅, 0]

𝑑𝓌 = 2𝐻 [√𝑅2 − 𝑥2 − 𝑥 tan
𝜋

12
]      𝑥 ∈ [0, 𝑅 cos

𝜋

12
]
| = 

= ∫ 𝑥2𝐻√𝑅2 − 𝑥2𝑑𝑥

0

−𝑅

+ ∫ 𝑥2𝐻 [√𝑅2 − 𝑥2 − 𝑥 tan
𝜋

12
] 𝑑𝑥

𝑅 cos
𝜋

12

0

= 



 

 

= 2𝐻 ∫ 𝑥√𝑅2 − 𝑥2𝑑𝑥

𝑅 cos
𝜋

12

−𝑅

− 2𝐻 ∫ 𝑥2 tan
𝜋

12
𝑑𝑥

𝑅 cos
𝜋

12

0

= 

= 𝐻 ∫ √𝑅2 − 𝑥2𝑑(𝑥2)

𝑅 cos
𝜋

12

−𝑅

− 2𝐻 tan
𝜋

12
∫ 𝑥2𝑑𝑥

𝑅 cos
𝜋

12

0

= 

= −
2

3
𝐻 (𝑅2 − 𝑥2)

3
2|

−𝑅

𝑅 cos
𝜋

12
−

2

3
𝐻 tan

𝜋

12
𝑥3|

0

𝑅 cos
𝜋

12 = 

= −
2

3
𝐻𝑅3 sin3

𝜋

12
−

2

3
𝐻𝑅3 tan

𝜋

12
cos3

𝜋

12
= −

2

3
𝐻𝑅3 sin

𝜋

12
 

Therefore, the x-coordinate of the centroid is 

𝑉𝑥

𝑉
=

−
2
3 𝐻𝑅3 sin

𝜋
12

11
12 𝜋𝐻 ∙ 𝑅2

= −
8

11𝜋
𝑅 sin

𝜋

12
 

(B) Since Oxz plane divides the solid into symmetric halves, the y-coordinate of the centroid 

is 0. Therefore, we should only calculate 𝑉𝑥 and 𝑉. The cross-section of the base is given 

by 

𝐴𝑏 =
𝜋

2
𝑟2 

Thus, the volume of the solid is 

𝑉 =
1

3
ℎ ∙ 𝐴𝑏 =

𝜋

6
ℎ ∙ 𝑟2 

Since 
𝑟

ℎ
= tan

𝜋

3
= √3, we obtain 

𝑉 =
𝜋

2
ℎ3 

Let’s first calculate 𝑉𝑧: 

𝑉𝑧 = ∫ 𝑧𝑑𝓌
𝒲

= |𝑑𝓌 =
𝜋

2
tan2

𝜋

3
𝑧2𝑑𝑧       𝑧 ∈ [0, ℎ]| = 

= ∫
𝜋

2
tan2

𝜋

3
𝑧3𝑑𝑧

ℎ

0

=
𝜋

2
tan2

𝜋

3
∫ 𝑧3𝑑𝑧

ℎ

0

=
3𝜋

8
ℎ4 

Therefore, the x-coordinate of the centroid is 

𝑉𝑧

𝑉
=

3𝜋
8 ℎ4

𝜋
2 ℎ3

=
3

4
ℎ 

Let’s now calculate 𝑉𝑥. Since the centroid of the semicircle is located on the line of 

symmetry at the distance of  
4

3𝜋
 of the radius from its center, 𝑉𝑥 is given by 

𝑉𝑥 = ∫ (
4

3𝜋
𝑧 tan

𝜋

3
)

𝜋

2
tan2

𝜋

3
𝑧2𝑑𝑧

ℎ

0

= 



 

 

=
2

3
tan3

𝜋

3
∫ 𝑧3𝑑𝑧

ℎ

0

=
√3

2
ℎ4 

Therefore, the x-coordinate of the centroid is 

𝑉𝑥

𝑉
=

√3
2 ℎ4

𝜋
2 ℎ3

=
√3

𝜋
ℎ 

(C) Since Oxz plane divides the solid into symmetric halves, the y-coordinate of the centroid 

is 0. Let the full height of the solid be denoted as ℎ (ℎ = 2) and the radius of the base be 

denoted as 𝑟 (𝑟 = 1). The area of the base is 

𝐴𝑏 = 𝜋𝑟2 = 𝜋 

The volume of the solid is 

𝑉 =
ℎ

2
𝐴𝑏 +

1

2
(

ℎ

2
𝐴𝑏) =

3

4
ℎ ∙ 𝐴𝑏 =

3

2
𝜋 

Let’s first calculate 𝑉𝑥: 

𝑉𝑥 = ∫ 𝑥2√𝑟2 − 𝑥2 (
3

4
ℎ +

1

2
𝑥) 𝑑𝑥

𝑟

−𝑟

= 

=
3

2
∫ √𝑟2 − 𝑥2𝑑(𝑥2)

1

−1

+ ∫ 𝑥2√𝑟2 − 𝑥2𝑑𝑥

1

−1

=
𝜋

8
 

Therefore, the z-coordinate of the centroid is 

𝑉𝑥

𝑉
=

𝜋
8

3
2 𝜋

=
1

12
 

Let’s now calculate 𝑉𝑧: 

𝑉𝑧 = ∫ 𝑧𝜋𝑟2𝑑𝑧

ℎ
2

0

+ ∫ 𝑧 {
𝜋

2
− arctan

√1 − (2𝑧 − 3)2

2𝑧 − 3
− (2𝑧 − 3)√1 − (2𝑧 − 3)2} 𝑑𝑧

ℎ

ℎ
2

= 

=
𝜋

2
+

21

32
𝜋 =

37

32
𝜋 

Therefore, the z-coordinate of the centroid is 

𝑉𝑧

𝑉
=

37
32 𝜋

3
2 𝜋

=
37

48
 

Answer: 

(A) (−
8

11𝜋
𝑅 sin

𝜋

12
, 0,

𝐻

2
) 

(B) (
√3

𝜋
ℎ, 0,

3

4
ℎ) 

(C) (
1

12
, 0,

37

48
) 
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