Answer on Question #52164 - Math - Multivariable Calculus

Solution:

1)



(A) Since the cross-section of the solid doesn’t change along the z-axis, z-coordinate of the
centroid is H/2 (half-height). Since Oxz plane divides the solid into symmetric halves, the
y-coordinate of the centroid is 0. Therefore, we should only calculate V,, and V. The cross-

section of the base is given by
A = 11 R?
b=12"
Thus, the volume of the solid is
V=H-4, = 1 H - R?
B A A
Let’s now calculate V,.:

dw = 2H+/R? — x?%dx x € [-R,0]
V, =f xdw = T mq| =
x w dw=2H[\/R2—x2—xtan— xE[O,Rcos—]
12 12
T
0 Rcosﬁ
T
= foH\/R2 — x2%dx + f x2H [\/Rz —x2— xtanﬁ] dx =
-R 0
RCOS{[—2 RCOSln:—2
T
= 2H j xv R? — x%dx — 2H j xztanﬁdx=
“R 0
Rcoslﬂ—2 Rcos%
T
=H f VR% —x2d(x?) — 2H tanﬁ f x%dx =
“R 0
2 3 Rcosln—z 2 T Rcos%
_ 2 2\5 3 12 _
——§H(R —x°)2 . —§Htanﬁx lo =
2 T 2 T T 2 v[4
= —§HR3 sin3ﬁ — §HR3 tanEcos3E = —§HR3 sinﬁ
Therefore, the x-coordinate of the centroid is
2 . T
v, —§HR3smﬁ 8 Rain
= = = - sin—

(B) Since Oxz plane divides the solid into symmetric halves, the y-coordinate of the centroid
is 0. Therefore, we should only calculate V,, and V. The cross-section of the base is given
by

Ab = =T

Thus, the volume of the solid is

1
V:§h'Ab:—h'T'2

Since% = tang = /3, we obtain

Let’s first calculate V,:



i i
szf zdw = |dw=—tan2—zzdz z €[0,h]| =
- 23
h h ;
i s s i3 i3
= fitan2§z3dz =§tan2§fz3dz =?h4
0 0

Therefore, the x-coordinate of the centroid is

3w
v, Jh* 3
vV T3 4
Zh

Let’s now calculate V. Since the centroid of the semicircle is situated on the line of

symmetry % of the radius from its center, V, is given by

h
4 T\ T T

Ve, = f (gztang)itanzgzzdz =

0
h
2 T V3
= §tan3§f z3dz = 7}14
0

Therefore, the x-coordinate of the centroid is

V3
h_Z M V3,
V_%ha_n

(C) Since Oxz plane divides the solid into symmetric halves, the y-coordinate of the centroid
is 0. Let the full height of the solid be denoted as h (h = 2) and the radius of the base be
denoted as r (r = 1). The area of the base is

Ay =mr?=m
The volume of the solid is
h 1/h 3 3
V= EAb +E<§Ab) = Zh-Ab = En

Let’s first calculate V,:
r

V., = JxZ r2 — 2(§h+lx)dx—
x = 3"y =

-r

1 1

3 T

=5 f\/rz — x2d(x?) + fxzx/rz — x2dx ==
1 21

8

Therefore, the z-coordinate of the centroid is

Let’s now calculate V,:

2z —

h
2 h
T J1—(2z—-3)2
V, = fzrrrzdz + f z)5 = arctan 3 —(2z-3)y1—-(2z—-3)%;dz =
0 h
2



B n_+_21 37
—27 32" 732"
Therefore, the z-coordinate of the centroid is

w

7
37

48

<SS

3
77‘[

2) Areais given by

1
Azzjg—ydaﬁ-xdy:

(-1,1) (1,3) (3,2)

= jg (—ydx + xdy) + jg (—ydx + xdy) + jg (—ydx + xdy) +

(-3,5) (-11) (1,3)
(5,3) (-3,5)

+ j[; (—ydx + xdy) + f (—ydx + xdy)

(3,2) (5,3)
Equation of line passing through points (—3,5), (—1,1):
y=-2x—1
Then
(-11) -1
1 1 1
A1=E (—ydx+xdy)=§j(2x+1—2x)dx=§(—1+3)=1
(-3,5) -3

Equation of line passing through points (—1,1), (1, 3):
y=x+2
Then
(1,3) 1
1 1 1
A, =3 3€ (—ydx + xdy) =3 J(x+2—x)dx=§2(1+1) =2

(-1,1) -1

Equation of line passing through points (1, 3), (3, 2):

_ 1 +7
y=73*73
Then
3,2) 3
A_13£(d+d)_1j(1 71)d_7(3 b T
373 yoxvxay) =51 ¥ 727 2%) =7 =73
(1,3) 1
Equation of line passing through points (3, 2), (5, 3):
__1 +1
y=2%73
Then
(5,3)
A—ljﬁ(d+d)—1f(1 1+1)d—1(5 3) = — o
4_2()3”6’”'_2 X T TN) T Ty 72
3,2 3

Equation of line passing through points (5, 3), (=3, 5):



_ 1
Y=T3*Ty

(=35 -

1 17

A5=§ f (- ydx+xdy)——f x——+ x)dx=—§(—3—5)=17
(5,3) 5

Therefore,

7 1
A=A+ A+ A+ Ay +As=142-5—5+17 =16

3) According to the Stokes’ theorem,

jg F-ds =f |curl, (F)|dZ,
C1—-C—C3 3
where X is the shaded region. Since |curl,(F)| = const = 9, we obtain

fflcurlZ(F)le = |curl,(F)| - 4,
>

where A is the area of shaded region, which is
A=n(5)?—-m(1)?—-n(1)? = 23m

jg F-ds = %F-ds—%F-ds—SEF-ds=] |curl, (F)|dZ
b3

C1-C1—C; C1 C, Cs

Therefore,

éF-ds= 3€F-ds+;F-ds+|curlZ(F)|-A=37r+47r+237r=30n
[ C, Cs

Answer:
1)
(A) (—%R sinlﬂ—z,O,g)
(8) (ﬁh 0,5h)
© (55.0.%)
2) 16
3) 30m
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