
Answer on Question #50899-Math-Differential Calculus-Equations 

Apply the method of variations of parameters to solve the following differential equations: 

a) 𝑥2 𝑦′′ +  𝑥 𝑦′ −  𝑦 =  𝑥2 𝑒𝑥 

b) 𝑦′′ +  𝑎2 𝑦 =  𝑐𝑜𝑠𝑒𝑐 𝑎𝑥 

c) Solve the equation 
𝑑2𝑦

𝑑𝑥2 −  𝑐𝑜𝑡 𝑥
𝑑𝑦

𝑑𝑥
−  𝑠𝑖𝑛2𝑥𝑦 =  𝑐𝑜𝑠 𝑥 −  𝑐𝑜𝑠3 𝑥 by changing the independent variable. 

Solution 

a)  𝑥2 𝑦′′ +  𝑥 𝑦′ −  𝑦 = 0 

𝑦 = 𝑥𝑛 → 𝑛(𝑛 − 1) + 𝑛 − 1 = 0 → 𝑛 = ±1. 

𝑦 = 𝑐1𝑥 + 𝑐2

1

𝑥
. 

The Wronskian is given by 

𝑊 = [
𝑥

1

𝑥

1 −
1

𝑥2

] = − (
1

𝑥
+

1

𝑥
) = −

2

𝑥
≠ 0. 

We seek the solution in the form 𝑦 = 𝑦1𝑣1 + 𝑦2𝑣2 

𝑣1 = ∫ (−
𝑦2𝑅

𝑊
) 𝑑𝑥 = − ∫

1
𝑥

∙ 𝑥2 𝑒𝑥

−
2
𝑥

𝑑𝑥 =
𝑒𝑥

2
(𝑥2 − 2𝑥 + 2) + 𝑐1. 

𝑣2 = ∫ (
𝑦1𝑅

𝑊
) 𝑑𝑥 = ∫

𝑥 ∙ 𝑥2 𝑒𝑥

−
2
𝑥

𝑑𝑥 = −
𝑒𝑥

2
(𝑥4 − 4𝑥3 + 12𝑥2 − 24𝑥 + 24) + 𝑐2. 

So, 

𝑦 = 𝑥 [
𝑒𝑥

2
(𝑥2 − 2𝑥 + 2) + 𝑐1] +

1

𝑥
[−

𝑒𝑥

2
(𝑥4 − 4𝑥3 + 12𝑥2 − 24𝑥 + 24) + 𝑐2]. 

𝑦 = 𝑐1𝑥 + 𝑐2

1

𝑥
+ 𝑒𝑥 [𝑥2 − 5𝑥 + 12 −

12

𝑥
] 

b) 𝑦′′ +  𝑎2 𝑦 = 0. 

𝑦 = 𝑐2 cos 𝑎𝑥 + 𝑐1 sin 𝑎𝑥. 

The Wronskian is given by 

𝑊 = [
sin 𝑎𝑥 cos 𝑎𝑥

acos 𝑎𝑥 −asin 𝑎𝑥
] = −𝑎(sin2 𝑎𝑥 + cos2 𝑎𝑥) = −𝑎 ≠ 0. 

We seek the solution in the form 𝑦 = 𝑦1𝑣1 + 𝑦2𝑣2 

𝑣1 = ∫ (−
𝑦2𝑅

𝑊
) 𝑑𝑥 = − ∫

cos 𝑎𝑥 ∙  𝑐𝑜𝑠𝑒𝑐 𝑎𝑥

−𝑎
𝑑𝑥 =

1

𝑎2
ln|sin 𝑎𝑥| + 𝑐1. 



𝑣2 = ∫ (
𝑦1𝑅

𝑊
) 𝑑𝑥 = ∫

sin 𝑎𝑥 ∙  𝑐𝑜𝑠𝑒𝑐 𝑎𝑥

−𝑎
𝑑𝑥 =

𝑥

𝑎
+ 𝑐2. 

So, 

𝑦 = cos 𝑎𝑥 [
𝑥

𝑎
+ 𝑐2] + sin 𝑎𝑥 [

1

𝑎2
ln|sin 𝑎𝑥| + 𝑐1]. 

c) Comparing the given equation with 𝑦′′ + 𝑃𝑦′ + 𝑄𝑦 = 𝑅, we have 𝑃 = −𝑐𝑜𝑡 𝑥, 𝑄 = −𝑠𝑖𝑛2𝑥 and 𝑅 =

𝑐𝑜𝑠 𝑥 −  𝑐𝑜𝑠3 𝑥 = cos 𝑥 sin2 𝑥.                                                          (1) 

Choose 𝑧 such that (
𝑑𝑧

𝑑𝑥
)

2
= 𝑠𝑖𝑛2𝑥 and 

𝑑𝑧

𝑑𝑥
= sin 𝑥.            (2) 

Integrating, 𝑧 = ∫ sin 𝑥 𝑑𝑥 = − cos 𝑥.           (3) 

Now changing the independent variable from 𝑥 to 𝑧 by using relation (3), the given equation is transformed 

into  

𝑑2𝑦

𝑑𝑧2 + 𝑃1
𝑑𝑦

𝑑𝑧
+ 𝑄1𝑦 = 𝑅1,                 (4) 

where 𝑃1 =
𝑑2𝑧

𝑑𝑥2+𝑃
𝑑𝑧

𝑑𝑥

(
𝑑𝑧

𝑑𝑥
)

2 =
cos 𝑥+(−𝑐𝑜𝑡 𝑥)(sin 𝑥)

𝑠𝑖𝑛2𝑥 
= 0, by (1) and (2) 

𝑄1 =
𝑄

(
𝑑𝑧

𝑑𝑥
)

2 =
−𝑠𝑖𝑛2𝑥 

𝑠𝑖𝑛2𝑥 
= −1, 𝑅1 =

𝑅

(
𝑑𝑧

𝑑𝑥
)

2 =
cos 𝑥 sin2 𝑥 

𝑠𝑖𝑛2𝑥 
= cos 𝑥 = −𝑧.                    (5) 

From (5), 
𝑑2𝑦

𝑑𝑧2 − 𝑦 = −𝑧, or (𝐷1
2 − 1)𝑦 = −𝑧, where 𝐷1 =

𝑑

𝑑𝑧
. 

Its auxiliary equation is 𝑚2 − 1 = 0 so that 𝑚 = ±1. General solution of (5) is 

𝑐1𝑒𝑧 + 𝑐2𝑒−𝑧 = 𝑐1𝑒− cos 𝑥 + 𝑐2𝑒cos 𝑥, by (3) 

Partial solution is 

1

𝐷1
2 − 1

(−𝑧) =
1

1 − 𝐷1
2 𝑧 = (1 − 𝐷1

2)−1𝑧 = (1 + 𝐷1
2 + ⋯ )𝑧 = 𝑧 = − cos 𝑥. 

Hence the required solution is 

𝑦 = 𝑐1𝑒− cos 𝑥 + 𝑐2𝑒cos 𝑥 − cos 𝑥. 
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