Answer on Question #50899-Math-Differential Calculus-Equations

Apply the method of variations of parameters to solve the following differential equations:

a)x?y" + xy —y = x?e*

b)y" + a?y = cosec ax

. d? d , . . .
c) Solve the equation d_szl — cot xﬁ — sin?xy = cos x — cos? x by changing the independent variable.

Solution
a) x2y" +xy —y =0
y=x"-nn-1)+n-1=0-n=+1.

1
=cixXx+cy—.
y 1 27

The Wronskian is given by

1
3 1 1 2
W= =-(G+3)=-2#0
1 X X X
x?

We seek the solution in the formy = y,v; + y,v,

y2R Toxter e*
v1=f(—z—)dx=—fx—zdx=7(x2—2x+2)+c1.

X

R x - x?e* e*
v, =f(yl—)dx=J—dx=—7(x4—4x3+12x2—24x+24)+02.

So,

X

e* 11 e
y=x[7(x2—2x+2)+cl]+;[—7(x4—4x3+12x2—24x+24)+cz .

= + 1+x[2 5x + 12 12
Yy =C1Xx sz e’ |x X x

b)y"” + a?y =0.
Yy = ¢, cos ax + ¢4 sin ax.

The Wronskian is given by

sin ax cosax .
[ ] = —a(sin? ax + cos? ax) = —a # 0.

acosax —asinax

We seek the solution in the formy = y,v; + y,v,

VoR cosax - cosec ax 1 )
vy = f <_W) dx = —f — dx = Elnlsm ax| + c;.




_f(le)d _jsinax- cosecaxd _x+
UZ_ W X = —a x—a C2.

So,

X 1
Yy = cos ax [E + cz] + sin ax [ﬁlnlsin ax| + cl].

c) Comparing the given equation with y"’ + Py’ + Qy = R, we have P = —cot x, Q = —sin’x and R =

cos x — cos® x = cosx sin? x. (1)
dz\? . d .

Choose z such that (—Z) = sin?x and = = sin x. (2)
dx dx

Integrating, z = [ sinx dx = — cos x. (3)

Now changing the independent variable from x to z by using relation (3), the given equation is transformed
into

d?y dy
E+P1;+Q1y=R1; (4)
preader +(=cot x)(sinx)
_ ax2tPax _ cosx+(—cot x)(sinx) _
where P; = (E)z = ey =0, by (1) and (2)
dx
__Q _ —sinfx _ R cosxsin?x _ _
Q1= (dz)z = e 1R, = (E)Z =y Cosx = -z (5)
dx. dx
d?y d
From (5), P y =—zo0r (D12 - l)y = —z, where D; = >

Its auxiliary equation is m? — 1 = 0 so that m = +1. General solution of (5) is
cie? 4+ ce7? = cre” O5* + c,e%%%, by (3)

Partial solution is

1 1 2y-1 2
Dlz_l(—Z)=1_—D122=(1—D1) z=01+4+Df+:)z=2z=—cosx.

Hence the required solution is

y =cie” 9% 4+ ¢,e%* — cosx.
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