
 

 

Answer on Question #50894 – Math – Differential  Calculus | Equations 

a) Write a suitable form of particular solution for solving the equation 

𝑦′′ +  3𝑦′ +  2𝑦 =  𝑒𝑥(𝑥2 +  1) 𝑠𝑖𝑛 2𝑥 +  3𝑒−𝑥 𝑐𝑜𝑠 𝑥 +  4𝑒𝑥 

by the method of undetermined coefficients. 

b) Verify that 𝑒𝑥 and 𝑥𝑒𝑥 are solutions of the homogeneous equation corresponding to the equation 

𝑦′′ −  2𝑦′ +  𝑦 =
𝑒𝑥

1 +  𝑥2
, −∞ < 𝑥 < ∞ 

and find the general solution using the method of variation of parameters. 

c) If 𝑦1 =  2𝑥 + 2 and 𝑦2  =  −
𝑥2

2
 are the solutions of 

𝑥𝑦′ + 𝑦′ −
𝑦′2

2
 

then are the constant multiples 𝑐1𝑦1 and 𝑐2𝑦2 , where 𝑐1 and 𝑐2 are arbitrary, also solutions of the given 

differential equation? Is the sum 𝑦1  +  𝑦2 a solution? 

Solution 

a) We first consider the solutions to the corresponding homogeneous equation. Using the characteristic 

equation 𝑚2 + 3𝑚 + 2 = 0 → 𝑚1 = −2, 𝑚2 = −1, we have solutions  𝑦1 = 𝑒−2𝑥 and 𝑦2 = 𝑒−𝑥. Thus we 

have the form 

𝑌 =  (𝐴𝑥2 + 𝐵𝑥 + 𝐶)𝑒𝑥 sin 2𝑥 + (𝐷𝑥2 + 𝐸𝑥 + 𝐹)𝑒𝑥 cos 2𝑥 + 𝐺𝑒−𝑥 cos 𝑥 + 𝐻𝑒−𝑥 sin 𝑥 + 𝐼𝑒𝑥. 

 

b) The homogeneous equation corresponding to the equation 

𝑦′′ −  2𝑦′ +  𝑦 =
𝑒𝑥

1 +  𝑥2
, −∞ < 𝑥 < ∞ 

Is 

𝑦′′ −  2𝑦′ +  𝑦 = 0, −∞ < 𝑥 < ∞ 

𝑑2

𝑑𝑥2
(𝑒𝑥) = 𝑒𝑥,

𝑑

𝑑𝑥
(𝑒𝑥) = 𝑒𝑥 . 

So, 

𝑦′′ −  2𝑦′ +  𝑦 = 𝑒𝑥 − 2𝑒𝑥 + 𝑒𝑥 ≡ 0. 

And we see that 𝑒𝑥 is a solution. 

𝑑2

𝑑𝑥2
(𝑥𝑒𝑥) = (𝑥 + 2)𝑒𝑥,

𝑑

𝑑𝑥
(𝑥𝑒𝑥) = (𝑥 + 1)𝑒𝑥 . 

So, 

𝑦′′ −  2𝑦′ +  𝑦 = (𝑥 + 2)𝑒𝑥 − 2(𝑥 + 1)𝑒𝑥 + 𝑥𝑒𝑥 ≡ 0. 



 

 

And we see that 𝑥𝑒𝑥 is a solution. 

𝑦 = 𝑐1𝑒𝑥 + 𝑐2𝑥𝑒𝑥 . 

The Wronskian is given by 

𝑊 = [
𝑒𝑥 𝑥𝑒𝑥

𝑒𝑥 (𝑥 + 1)𝑒𝑥] = (𝑥 + 1)𝑒2𝑥 − 𝑥𝑒2𝑥 = 𝑒2𝑥 ≠ 0. 

We seek the solution in the form 𝑦 = 𝑦1𝑣1 + 𝑦2𝑣2 

𝑣1 = ∫ (−
𝑦2𝑅

𝑊
) 𝑑𝑥 = − ∫

𝑥𝑒𝑥 ∙
𝑒𝑥

1 +  𝑥2

𝑒2𝑥
𝑑𝑥 = ln

1

√1 +  𝑥2
+ 𝑐1. 

𝑣2 = ∫ (
𝑦1𝑅

𝑊
) 𝑑𝑥 = ∫

𝑒𝑥 ∙
𝑒𝑥

1 +  𝑥2

𝑒2𝑥
𝑑𝑥 = tan−1 𝑥 + 𝑐2. 

So, 

𝑦 = 𝑒𝑥 [ln
1

√1 +  𝑥2
+ 𝑐1] + 𝑥𝑒𝑥[tan−1 𝑥 + 𝑐2]. 

 

c) The constant multiples 𝑐1𝑦1 and 𝑐2𝑦2 or the sum 𝑦1  + 𝑦2 are solutions if and only if an equation is a 

linear. But 

𝑥𝑦′ + 𝑦′ −
𝑦′2

2
 

contains nonlinear element (quadratic 
𝑦′2

2
). Thus 𝑐1𝑦1 and 𝑐2𝑦2 or the sum 𝑦1  +  𝑦2 are not solutions. 
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