
Solve the following ordinary differential equations: 

I)  

 2𝑦 + 𝑥2 + 1 
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 − 9𝑥2 = 0; 

2)  

𝑑2𝑦

𝑑𝑥2
+ 3

𝑑𝑦

𝑑𝑥
+ 2𝑦 = 𝑥2 . 

Solution: 

1) 

Denote 

𝑀 𝑥, 𝑦 = 2𝑥𝑦 − 9𝑥2 , 𝑁 𝑥, 𝑦 = 2𝑦 + 𝑥2 + 1. 

Because 

𝜕𝑀

𝜕𝑦
= 2𝑥 =

𝜕𝑁

𝜕𝑥
 

then the differential equation 

 2𝑦 + 𝑥2 + 1 
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 − 9𝑥2 = 0 

has general solution 

𝑈 𝑥, 𝑦 = 𝑐 = 𝑐𝑜𝑛𝑠𝑡 

where 

𝜕𝑈

𝜕𝑥
= 𝑀 𝑥, 𝑦 = 2𝑥𝑦 − 9𝑥2 , 

𝜕𝑈

𝜕𝑦
= 𝑁 𝑥, 𝑦 = 2𝑦 + 𝑥2 + 1. 

From first equation we have 

𝑈 𝑥, 𝑦 =  𝑀 𝑥, 𝑦 𝑑𝑥 =   2𝑥𝑦 − 9𝑥2 𝑑𝑥 = 𝑦𝑥2 − 3𝑥3 + 𝜑 𝑦 . 

Thus 

𝜕

𝜕𝑦
 𝑦𝑥2 − 3𝑥3 + 𝜑 𝑦  = 𝑁 𝑥, 𝑦 = 2𝑦 + 𝑥2 + 1, 



𝑥2 +
𝑑𝜑

𝑑𝑦
= 2𝑦 + 𝑥2 + 1, 

𝑑𝜑

𝑑𝑦
= 2𝑦 + 1, 

𝑑𝜑 =  2𝑦 + 1 𝑑𝑦, 

 𝑑𝜑 =   2𝑦 + 1 𝑑𝑦, 

𝜑 𝑦 = 𝑦2 + 𝑦. 

Thus the general solution is 

𝑦𝑥2 − 3𝑥3 + 𝑦2 + 𝑦 − 𝑐 = 0  

2) 

The characteristic equation is 

𝑘2 + 3𝑘 + 2 = 0, 

 𝑘1 = −1, 𝑘2 = −2. 

So general solution of the equation is  

𝑦 𝑥 = 𝑐1𝑒
−𝑥 + 𝑐2𝑒

−2𝑥 + 𝑢 𝑥 , 

where  

𝑢 𝑥 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐,   𝑐1 = 𝑐𝑜𝑛𝑠𝑡,  𝑐2 = 𝑐𝑜𝑛𝑠𝑡, 𝑎 = 𝑐𝑜𝑛𝑠𝑡, 𝑏 = 𝑐𝑜𝑛𝑠𝑡, 𝑐 = 𝑐𝑜𝑛𝑠𝑡. 

Substitution 𝑢(𝑥) into the equation we have 

𝑢′′  𝑥 + 3𝑢′ 𝑥 + 2𝑢 𝑥 = 𝑥2 , 

2𝑎 + 3 2𝑎𝑥 + 𝑏 + 2 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 𝑥2 , 

2𝑎𝑥2 +  6𝑎 + 2𝑏 𝑥 + 2𝑎 + 3𝑏 + 2𝑐 = 𝑥2 . 

Thus  

 
2𝑎 = 1,

6𝑎 + 2𝑏 = 0,
2𝑎 + 3𝑏 + 2𝑐 = 0,

 →  

 
 
 

 
 𝑎 =

1

2
,

𝑏 = −1
1

2
,

𝑐 = 1
3

4
.

  

So 

𝑢 𝑥 =
1

2
𝑥2 − 1

1

2
𝑥 + 1

3

4
 



and finally 

𝑦 𝑥 = 𝑐1𝑒
−𝑥 + 𝑐2𝑒

−2𝑥 +
1

2
𝑥2 − 1

1

2
𝑥 + 1

3

4
. 

 

Answers: 

1) 

𝑦𝑥2 − 3𝑥3 + 𝑦2 + 𝑦 − 𝑐 = 0  

2) 

𝑦 𝑥 = 𝑐1𝑒
−𝑥 + 𝑐2𝑒

−2𝑥 +
1

2
𝑥2 − 1

1

2
𝑥 + 1

3

4
 

 

del
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