Answer on Question #50231- Math — Complex Analysis

Let f(z) be an analytic function in the annulus 0 <|z| < R for some positive real number
R,Whose laurent series (in this annulus) is given by

f(z) =nfrom-otoe > {(-1)"n/(n"2)!]}.Z"{5n - n"2 -1}

A)) What Kind of Singularity is z=0 for f(z) ?

B)) Compute integral on Curve for [ z* 24 . f(z) dz] ,where C is a counterclockwise simple path
lying in the annulus enclosing z=0

C)) Calculate Res (f) in z=0

D)) Evaluate Integral on Curve for [ sin Z .f(z) dz] , where C : |z| = (R/2) oriented
counterclockwise

Solution
A) The function
0 (_1)n —n2— [o'e) (_1)n 1
f(Z) = ;l-=—oomzsn ol = 7-’+-l=—00 (n2)! ZN%—5n+1 (1)

has an singularity at point z, = 0, because it is not defined there, but it is defined at
other points of the annulus 0 <|z| < R.

The function f(z) has an essential singularity at 0, because according to (1), f(z)
contains infinitely many terms with negative powers of z (5n —n? — 1 < —1 for
n < 0 andn > 5, i.e. there exist infinitely many terms with negative power of z).

B) The function

724 _ 24 D" sp-n2-1 _ w (D" 1
f(Z) z Zn——oo (n2)! z> - T-Il_=—°° (n2)! zn?-5n-24+1 (2)

has an essential singularity at point z, = 0.

— —_n2_ —(n2—cn— 1 .

Zn%-5n-24+1

properties of exponents and power functions, operations with real numbers

Coefficient c_, of the term with z71 = i = Zi in (2) is called the residue of function

1

h(z) = z**f(z) at point z, = 0, here point z, = 0 is finite.
(notation is the following: Res,—q(h) = Res,—o(z%*f) = c_,).

In order to find the coefficient that correspond to values of n such that

1 . .
= —, search for natural solutions to equation

ZN2-5n—-24+1
n?—-5m—24+1=1,

which is equivalent to quadratic equation



n?—-5m—-24=0,
its discriminant is

D= (=5)%—4-(—24)=25+4-24=25+96 = 121,
5+11 5-11 5+11 -6 16 _3 8

hencen = — = ; =—:—=
2 2 2 2 2

which implies that we take only natural solution n = 8, therefore, the coefficient c_,

PRY:
of the term of (2) with z~* will be & ? =D — L \which leads to
)! (82)! 64'

1
Res,_o(h) = Res,—o(z**f) = c_; = —.

. . _ 1 h(z) _ 1 .
Coefficient c_; can be computed as c_; = -—¢, 0T = 2 ¢. h(z)dz, here Tis
a path lying in the annulus (0 <|z| < R) enclosing z=0.

1 27n

Thus, by residue theorem, gﬁT h(z)dz = 2mic_; = 2mi il (we only deal with

singularity 0).
C) Coefficient a_, of the term with z=1 = i = Zil in (1) is called the residue of
function f(z) at point z, = 0, here point z, = 0 is finite.

(notation is the following: Res,—y(f) = Res,—o(f) = a_;).

1 1

In order to find the coefficient that correspond to values of n such that ———-= = —,

search for natural solutions to equation

n-ssm=0=

nn—-5)=0=n=0,n=075,
therefore, coefficient a_; equals

D°, DS _ .1
(02)' + (52)| - 25|'
Point z, = 0 is finite, hence residue Res,_f =a_; =1 —%
D) Consider

3 5 2n+1
9(2) = sinz - f(2) = (Z‘%+25' ot (—mﬁ+ ) x

400 —1)" 3 5 2n+1
XZ uz5n—n2—1:(Z_Z_+Z_+...+(_1)n—+...>x
. . n .

pemeo (D)1
S 3)

X Zn——oo (n2)! zn?-5n+1




(here we sum up terms Y% "

N==% (p2)] zn2-sn+1’

multiplied by terms of

ZZn+1

z3  z5
Z—;+§+"‘+ (_1)11
sz+1 1 ) .
= (according to properties of exponents and power

Zn%—sn+1  yn2-5n+1—(2k+1)

functions), k is an index related to terms of the series

ZniD: + -+, which lead to the sum of terms with

3 5
zZ— Z—I + 25_. + ---, m is an index related to terms of the series

+00 " 5n
n==90 (n2)

In case of g(z) = sinz - f(z), k is integer, equate
n?-m-Ck+1)+1=1=
n?—-5n=2k+1 (4)
If n = 21, [isinteger, then equation (4) does not have natural solutions,
because the left-hand side (i.e. n> — 5n = 412 — 10l) s even, but the right-
hand side (i.e.2k + 1) isodd.
If n =20+ 1, lisinteger, then
L+ 1)?-5QI+1) =2k+1=
412+ 41+1-10l-5=2k+1=
41> + 41— 101 -5 = 2k =
412 + 41— 10l — 2k =5
If n =204 1, lisinteger, then equation (4) does not have integer solutions
either, because the left-hand side (i.e. 412 + 41 — 101 — 2k) is even, but the
right-hand side (i.e.5) isodd.

-n*-1 k is a non-negative integer ).

It means that on the whole equation (4) does not have integer solutions, therefore,

the term of (3) with z~* will not be present, hence the coefficient d_; of the term
with z™% == = — in (4) s zero, which leads to

Res,—o(g) = Res,—(sinz-f(z)) =d_; =0
(point z, = 0 is finite).

igﬂ g9(2)

Coefficient d_, can be computed as d_; = i G = Zim_gﬁT g(z)dz, here

T: |z| = (R/2).

Thus, by residue theorem, gﬁT g(z)dz = 2mid_, = 2mi - 0 = 0 (we only deal with
singularity 0).
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