Answer on Question #49511 - Math — Differential Calculus | Equations

Solve the initial value problem by using Laplace transformation.
y" —6y'+ 15y = 2sin 3t y(0) = —-1,y'(0) = —4
Solution:

It is known that the Laplace transformation of the n‘"* derivative of the function f(t) is given by

LFMONs) = s"F(s) = ) sk )
k=1

where F(s) is the Laplace transformation of f(t).

So the Laplace transformation of y’' — 6y’ + 15y has the following form

L{y" =6y +15y}(s) = s°Y(s) =5+ y(0) = ¥'(0) = 6(sY () = y(0)) + 15Y(s)

where Y (s) is the Laplace transformation of y(t). Substituting y(0) = —1 and y'(0) = —4 into
this equation we obtain

L{y" — 6y +15y}(s) = (s? — 65+ 15)Y(s) + 5 — 2
The Laplace transformation of the function sin(a - t) is given by

Lisin(a - )}(s) = Sz_;_;az

Thus the Laplace transformation of 2 sin 3t is given by

L{2sin3t}(s) =

s24+9

Therefore the Laplace transformation of the initial equation gives us the following

6
Z—6s+15)Y(s)+s—2=
(s s YY(s)+s 719
Expressing Y (s) from this equation we obtain
Y(s) = 6 s—2
5= (s24+9)(s?—6s+15) s?2—6s+15 (1)

Before using the inverse Laplace transformation we decompose the first term in the right-hand
side of this equation into partial fractions. It is easy to verify that this decomposition has the
following form



6 _1 s+1 1 s—5
(s2+9)(s2—6s+15) 10s24+9 10s%2—6s+ 15

Substituting this into equation (1) we obtain

1 s+1 11s — 25
10s2+4+9 s2—-6s+15

Y(s) =

or, which is equivalent to

1 s +1 3 11 s-3 4 NG
10s2+4+9 305249 10(s—3)2+6 5V6(s—3)2+6

Y(s) =

Considering the fact that

L1 {52 — a)z} (t) = sinwt

L1 {52 - wz} (t) = cos wt

(t) = e *'sin wt

£ {(s +a)?+ wz}

s+a
-1 _ ,-at
t) =e “coswt
{(s +a)?+ wz}( )
we can easily find the inverse Laplace transformation of Y (s)

1 1 11 4
Yy =158 3t + %sin 3t — (Ecosx/gt —I—Wgsin\/gt) e3t

. L Lsin3t — (2 2 s 3t
Answer: —cos 3¢ + -sin 3t (10 cos V6t + Sz sin \/Et) e3t,
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