Answer on Question #49494 — Math- Differential Calculus | Equations

Question:

Solve the second order differential equation

y" - 3y' + 2y = 3e”(-x) - 10cos3x y(0) = 1 y'(0) =2

Solution:

2
Solve —3 % ¥ % + 2 y(x) = 3 e~* — 10 cos(3 x), such that y(0) = 2 and y*(0) = 2:

X

The general solution will be the sum of the complementary solution and particular
solution.

2
Find the complementary solution by solving % -3 % +2y(x) =0

Assume a solution will be proportional to €** for some constant A.

Substitute ¥(x) = €'* into the differential equation:
d? d
Ax ix ix
— ("] -3 —(e" |+ 2" =0
€)= 3 ()

Substitute %{e“) = A2 e'* and i{e“] = lelx:

APel*_32e'*+2e' =0

Factor out e**:

{F—amz]e“:n



Since €'* # 0 for any finite A, the zeros must come from the polynomial:
A2_31+2=0

Factor:
(A-21{A-1)=10

Solve for A:
A=1lord=2

The root A = 1 gives y,(x) = c; €* as a solution, where ¢, is an arbitrary constant.

The root A = 2 gives ya(x) = ¢ 2%

as a solution, where ¢4 is an arbitrary constant.
The general solution is the sum of the above solutions:

¥(x) = y1(x) + y2(x) = c1 €" + cz €2

2
Determine the particular solution to % +2y(x)-3 d:ﬂ =3e*-10cos(3x) by
X

the method of undetermined coefficients:

The particular solution will be the sum of the particular solutions to
4 y(x) _qdyl®) _ g _-x 4% y(x) _qdylx) _ _
12 +2¥x)—3 = 3e*and -2 +2¥(x)—3 = 10 cos(3 x).

2
The particular solution to % +2y(x)-3 d;ﬁ = 3 &% is of the form:
X

a;

2
The particular solution to % +2v(x)-3 % = —10cos(3 x) is of the form:

¥p,(X) = az cos(3 x) + az sin(3 x)

Sum ¥p, (x) and y,, (x) to obtain y(x):

a .
Yp(x) = ¥5 {x) + Yoz {x) = ﬂ—l + a3 cos{3 x) + az sin{3 x)

Solve for the unknown constants a,, @, and as:
d

Compute Lm:

aypt) _ 4 ray .

dx dx{ﬂz + dz cos(3 x) + az sin(3 x])

= —E,:l — 3 a3 sin(3 x) + 3 az cos(3 x)



a2y, (x)
Compute B
P dx?

2 2
ypt) _ "—{ﬂ—L 4+ az cos{3 x) + ag sind 3 x]]

dx? dx2 e
= “:Il — Qa3 cos(3 x) — 9az sin(3 x)

Substitute the particular solution ¥p(x) into the differential equation:

dypl) 5 4901
did dx

+2y,(x) = £ - 10 cos(3x)

=
27 . 1
2{; +d; cos(3 x) +as sin(3 x]] =3- 10 cos(3 x)

{ﬂ—l — Qas cos(3 x) — Qag sin(3 x]] - 3{— % — 3a, sin{3 x) + 3ag cos(3 x]] +

Simplify:
6 a7
£

—— +(—Fdy —9a3)cos(3x)+ (Fa; — 7as)sin(3x) = i — 10 cos(3 x)
X EI

Equate the coefficients of € * on both sides of the equation:
ﬁl‘I'l =3

Equate the coefficients of cos(3 x) on both sides of the equation:
—7az —9az =-10

Equate the coefficients of sin{3 x) on both sides of the equation:
Qaz —7az =0

Solve the system:

a; =

!
2
— 7
I, = L+
2 13
g
13

3

Substitute a,, Gz, and a3 into ¥5(x) = a; €~ + a5 sin(3 x) + a; cos(3 x):

7 g
x) = + —reos{3x)+ —ssn(3x
Yplx) 13 (3 x) 13 (3 x)

2 e*

The general solution is:

1 7 g | 3
(X =y )+ ¥ ()= — + —cos{3x)+ —sin{3x) +c, e’ +c; 87"
S =TT T 2e 13 13 ! 2



Solve for the unknown constants using the initial conditions:
Compute 2¥2.
dx

dyle)] _ d 1 ;r r -
dx dx{zpf + CDE{B X) 7 5”1{3 X)+c1e+cz e ]

1 2

:r' 21 2x
2PI+ cos{Sx]— 351n{3x]+::1£: +2¢ca et

Substitute ¥(0) = 2 into ¥(x) =c; e* + ¢, 2% + % + E sin{3 x) 4+ E cos(3 x):

27 2
CL+ca 4 — =
AT
Substitute ¥ {0 = 2 into % =cie*+2¢c, ¥ - % = 21 gin(3x) + c05{3 x):

41
1 +2¢c34+— =2
1 2 26

Solve the system:

£ = —

g = ——



Substitute ¥(0) = 2 into ¥(x) = c; €* +c; 2 & "'—; + 1—5; sin(3 x) # % cos(3 x):
27

c1tcz+ — =2

1hezt o

Substitute ¥ (0) = 2 into % = e+ 2¢cy 25 = "'—: - % sin(3 x) + % cos(3 x):

+2 +‘=‘-1 2
c s — =
1 2 28

Solve the system:

1 = =

g = —__

Substitute €1 = g and¢y = —1—2 into y(x) =

E—I

1 e+ e + + 1—5; sin(3 x) + % cos(3 x):

Answer:
-

7 g2 Te¥ 2 L2 Z
y{x]=—ﬁﬂ + ;e + > +13 5111{3x]+13 cos(3 x)
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