
 

 

Answer on Question #48727 – Math – Statistics and Probability 

If X and Y are i.i.d r.v.s with 𝑓𝑋 (𝑥) = 𝛼 ∙ 𝑒−𝛼𝑥 𝑢(𝑥) and 𝑓𝑌 (𝑦) = 𝛼 ∙ 𝑒−𝛼𝑦𝑢(𝑦). Find the pdf 𝑓𝑍 (𝑧) for 

 𝑍 = 2𝑋 + 𝑌. 

Solution 

𝐹2𝑋(𝑡) = 𝑃(2𝑋 < 𝑡) = 𝑃 (𝑋 <
𝑡

2
) = 𝐹𝑋 (

𝑡

2
), 

Find probability distribution function of  2𝑋: 

 𝑓2𝑋(𝑡) =
𝑑

𝑑𝑡
 𝐹2𝑋(𝑡) =

𝑑

𝑑𝑡
𝐹𝑋 (

𝑡

2
) =

1

2
𝑓𝑋 (

𝑡

2
)= 

𝛼

2
∙ 𝑒−

𝛼𝑡

2  𝑢 (
𝑡

2
), where 𝑢(𝑡) = 1 when 𝑡 ≥ 0; 

 𝑢(𝑡) = 0 when  𝑡 < 0 . 

The probability density function of the sum of two independent random variables 2𝑋 and 𝑌, each of which 

has a probability density function, is the convolution of their separate density functions: 

𝑓𝑍 (𝑧) = 𝑓2𝑋+𝑌(𝑧) = ∫ 𝑓2𝑋(𝑥)𝑓𝑌(𝑧 − 𝑥)𝑑𝑥 =

+∞

−∞

∫
𝛼

2
∙ 𝑒−

𝛼𝑥
2  𝑢 (

𝑥

2
) 𝛼 ∙ 𝑒−𝛼(𝑧−𝑥)𝑢(𝑧 − 𝑥))𝑑𝑥

+∞

−∞

= 

=
𝛼2

2
∫ 𝑒−𝛼𝑧+

𝛼𝑥

2 𝑑𝑥 =
𝑧

0
𝛼𝑒−𝛼𝑧 𝑒

𝛼𝑥

2 |
0

𝑧

𝑢(𝑧) = 𝛼𝑒−𝛼𝑧 (𝑒
𝛼𝑧

2 − 1) 𝑢(𝑧) = 𝛼𝑒−
𝛼𝑧

2 (1 − 𝑒−
𝛼𝑧

2 ) 𝑢(𝑧). 
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