
 

 

Answer on Question #48162 – Math – Trigonometry 

Find all the values of θ between 0 and 2π for which cos θ/2 = √(1+sinθ ) - √(1- sinθ ) is true.  

Solution. 

Method 1: 

Denote  𝑥 =
𝜃

2
. Hence: 

𝜃 ∈ [0,2𝜋] ⟹
θ

2
∈ [0, 𝜋], 𝑥 ∈ [0, 𝜋] ⟹ sin 𝑥 ≥ 0; 

1 + sin 𝜃 = sin2 𝑥 + 2 sin 𝑥 cos 𝑥 + cos2 𝑥 = (sin 𝑥 + cos 𝑥)2; 

1 − sin 𝜃 = sin2 𝑥 − 2 sin 𝑥 cos 𝑥 + cos2 𝑥 = (sin 𝑥 − cos 𝑥)2; 

cos
𝜃

2
= √1 + sin 𝜃 − √1 − sin 𝜃 ⟹ cos 𝑥 = |sin 𝑥 + cos 𝑥| − |sin 𝑥 − cos 𝑥| ⟹ 

⟹ cos 𝑥 = √2 (|sin (𝑥 +
𝜋

4
)| − |sin (𝑥 −

𝜋

4
)|) ; 

sin (𝑥 +
𝜋

4
) ≥ 0 on [0,

3π

4
] ; 

sin (𝑥 +
𝜋

4
) ≤ 0 on [

3π

4
, 𝜋] ; 

sin (𝑥 −
𝜋

4
) ≥ 0 on [

π

4
, 𝜋] ; 

sin (𝑥 −
𝜋

4
) ≤ 0 on [0,

π

4
] ; 

Consider 3 cases: 

1) 𝑥 ∈ [0,
𝜋

4
]: 

cos 𝑥 = √2 (sin (𝑥 +
𝜋

4
) + sin (𝑥 −

𝜋

4
)) ⟹ cos 𝑥 = 2 sin 𝑥 ⟹ 

⟹ √5 sin (𝑥 − arcsin
1

√5
) = 0 ⟹ 𝑥 = arcsin

1

√5
⟹ 𝜃 = 2 arcsin

1

√5
; 

2) 𝑥 ∈ [
𝜋

4
,

3𝜋

4
]: 

cos 𝑥 = √2 (sin (𝑥 +
𝜋

4
) − sin (𝑥 −

𝜋

4
)) ⟹ cos 𝑥 = 2 cos 𝑥 ⟹ cos 𝑥 = 0 ⟹ 𝑥 =

𝜋

2
⟹ 

⟹ 𝜃 = 𝜋; 

3) 𝑥 ∈ [
3𝜋

4
, 𝜋]: 

cos 𝑥 = √2 (− sin (𝑥 +
𝜋

4
) − sin (𝑥 −

𝜋

4
)) ⟹ cos 𝑥 = −2 sin 𝑥 ⟹ 



 

 

⟹ √5 sin (𝑥 + arcsin
1

√5
) = 0 ⟹ 𝑥 = − arcsin

1

√5
+ 𝜋 ⟹ 𝜃 = 2𝜋 − 2 arcsin

1

√5
. 

Answer. 

{𝜋, 2 arcsin
1

√5
, 2𝜋 − 2 arcsin

1

√5
}. 

Method 2. 

cos θ/2 = √(1+sinθ ) - √(1- sinθ ) 

If 0 ≤ 𝜃 ≤ 2𝜋, then 0 ≤
𝜃

2
≤ 𝜋 .  

Let 0 ≤ 𝜃 ≤ 𝜋, it implies 0 ≤
𝜃

2
≤

𝜋

2
, 𝑐𝑜𝑠 (

𝜃

2
) ≥ 0. Consider 

√
1+cos (𝜃)

2
= √1 + sin (𝜃) − √1 − sin(𝜃), 

Raise both sides to the second power:  

1+cos (𝜃)

2
= 1 + sin(𝜃) + 1 − sin(𝜃) − 2|𝑐𝑜𝑠𝜃|, 

If cos (𝜃) ≥ 0, 𝜃 ∈ [0;
𝜋

2
], then   

1+cos (𝜃)

2
= 2 − 2cos (𝜃),  

1 + cos(𝜃) = 4 − 4𝑐𝑜𝑠(𝜃), 5𝑐𝑜𝑠(𝜃) = 3, 𝑐𝑜𝑠(𝜃) =
3

5
 , 

𝑠𝑖𝑛(𝜃) = √1 − 𝑐𝑜𝑠2(𝜃) = √1 −
9

25
=

4

5
 . 

If 𝜃 ∈ [
𝜋

2
;  𝜋] then   cos (𝜃) ≤ 0,   

1+cos (𝜃)

2
= 2 + 2cos (𝜃),   1 + cos(𝜃) = 4 + 4 cos (𝜃), 

cos(𝜃) = −1, sin(𝜃) = 0, 𝜃 = 𝜋 . 

Let 𝜋 ≤ 𝜃 ≤ 2𝜋, it implies  
𝜋

2
≤

𝜃

2
≤ 𝜋, 𝑐𝑜𝑠 (

𝜃

2
) ≤ 0. Consider 

-√
1+cos (𝜃)

2
= √1 + sin (𝜃) − √1 − sin(𝜃), 

Raise both sides to the second power:  

1+cos (𝜃)

2
= 1 + sin(𝜃) + 1 − sin(𝜃) − 2|𝑐𝑜𝑠𝜃|, 

If cos (𝜃) ≥ 0, 𝜃 ∈ [
3𝜋

2
; 2𝜋], then  

1+cos (𝜃)

2
= 2 − 2cos (𝜃),  

1 + cos(𝜃) = 4 − 4𝑐𝑜𝑠(𝜃),  5𝑐𝑜𝑠(𝜃) = 3, 𝑐𝑜𝑠(𝜃) =
3

5
,  

 𝑠𝑖𝑛(𝜃) = −√1 − 𝑐𝑜𝑠2(𝜃) = −√1 −
9

25
= −

4

5
 . 



 

 

       If  cos (𝜃) ≤ 0, 𝜃 ∈ [𝜋;
3𝜋

2
],  then  

1+cos (𝜃)

2
= 2 + 2cos (𝜃),   1 + cos(𝜃) = 4 + 4 cos (𝜃), 

cos(𝜃) = −1, sin(𝜃) = 0, 𝜃 = 𝜋 . 

 

Answer. 

{𝜋, 2 arcsin
1

√5
, 2𝜋 − 2 arcsin

1

√5
}. 
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