
 

 

Answer on Question #48117 – Math – Geometry 

A, B, C, D are four points taken on a line in that order. AB = a, BC = b, CD = c. P is a point outside 

this line. Measures of angles APB = BPC = CPD = θ. Prove that cos^2(θ) = (a + b)(b + c)/4ac. 

Solution. 

 

Denote  𝐴𝑃 = 𝑥, 𝐵𝑃 = 𝑦, 𝐶𝑃 = 𝑧, 𝐷𝑃 = 𝑡. 

By the bisector theorem we have: 

𝐴𝐵

𝐴𝑃
=

𝐵𝐶

𝐶𝑃
⟹

𝑎

𝑥
=

𝑏

𝑧
⟹ 𝑧 =

𝑏

𝑎
𝑥; 

𝐵𝐶

𝐵𝑃
=

𝐶𝐷

𝑃𝐷
⟹

𝑏

𝑦
=

𝑐

𝑡
⟹ 𝑡 =

𝑐

𝑏
𝑦; 

𝑆𝐴𝑃𝐶 = 𝑆𝐴𝑃𝐵 + 𝑆𝐵𝑃𝐶 ⟹ 𝑥𝑧
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⟹ 𝑥𝑦 + 𝑦𝑧 = 2𝑥𝑧 cos 𝜃 ⟹ 𝑦 =
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Hence: 

𝑡 =
𝑐

𝑏
𝑦 =

2𝑐𝑥 cos 𝜃
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; 

𝑆𝐴𝑃𝐷 = 𝑆𝐴𝑃𝐵 + 𝑆𝐵𝑃𝐶 + 𝑆𝐶𝑃𝐷 ⟹
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⟹ 

⟹ 𝑥𝑡(3 sin 𝜃 − 4 sin3 𝜃) = sin 𝜃 (𝑥𝑦 + 𝑦𝑧 + 𝑧𝑡) ⟹ 



 

 

⟹ 𝑥𝑡(3 − 4 sin2 𝜃) = 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑡 ⟹ 4 cos2 𝜃 − 1 =
𝑥𝑦 + 𝑦𝑧 + 𝑧𝑡

𝑥𝑡
⟹ 

⟹ cos2 𝜃 =
𝑥𝑦 + 𝑦𝑧 + 𝑧𝑡 + 𝑥𝑡
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