
Answer on solution 38331 – Math - Calculus 

Minimize the function f subject to two constraints: 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧 on the intersection of 

𝑥2 + 𝑦2 − 1 = 0 and 𝑥 − 𝑧 = 0. 

Solution: 

The Lagrange function is 

𝐿 = 𝑥𝑦𝑧 + 𝜆(𝑥2 + 𝑦2 − 1) + 𝜇(𝑥 − 𝑧). 

Thus we have the following system of equations 

{
 
 
 
 
 

 
 
 
 
 
𝜕𝐿

𝜕𝑥
= 𝑦𝑧 + 2𝜆𝑥 + 𝜇 = 0,

𝜕𝐿

𝜕𝑦
= 𝑥𝑧 + 2𝜆𝑦 = 0,

𝜕𝐿

𝜕𝑧
= 𝑥𝑦 − 𝜇 = 0,

𝜕𝐿

𝜕𝜆
= 𝑥2 + 𝑦2 − 1 = 0,

𝜕𝐿

𝜕𝜇
= 𝑥 − 𝑧 = 0,

⟹

{
 
 

 
 
𝑦𝑧 + 2𝜆𝑥 + 𝜇 = 0,
𝑥𝑧 + 2𝜆𝑦 = 0,

𝑥𝑦 = 𝜇,

𝑦2 = 1 − 𝑥2,
𝑥 = 𝑧,

⟹

{
 
 

 
 
𝜇 + 2𝜆𝑥 + 𝜇 = 0,
𝑥𝑧 + 2𝜆𝑦 = 0,

𝑧𝑦 = 𝜇,

𝑦2 = 1 − 𝑥2,
𝑥 = 𝑧,

 

From the first equation 

𝜇 + 2𝜆𝑥 + 𝜇 = 0, 

2𝜇 + 2𝜆𝑥 = 0, 

2𝑥𝑦 + 2𝜆𝑥 = 0, 

𝑥(𝑦 + 𝜆) = 0, 

𝑥 = 0     𝑜𝑟     𝑦 + 𝜆 = 0. 

If 𝑥 = 0 then we obtain 

𝑧 = 𝑥 = 0, 𝜇 = 𝑥𝑦 = 0, 

and 

𝑦2 = 1 − 𝑥2, 

𝑦2 = 1, 

𝑦 = ±1. 

Furthermore 

𝑥𝑧 + 2𝜆𝑦 = 0, 

𝜆𝑦 = 0. 
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Since 𝑦 ≠ 0 then 

𝜆 = 0. 

So 𝑋1 = (0; 1; 0), 𝑋2 = (0;−1; 0) and 

𝑓(𝑋1) = 𝑓(𝑋2) = 0. 

If 𝑦 + 𝜆 = 0 then we have 

{

𝑥𝑧 + 2𝜆𝑦 = 0,
𝑧𝑦 = 𝜇,

𝑦2 = 1 − 𝑥2,
𝑥 = 𝑧,

⟹ {

𝑥𝑧 − 2𝑦2 = 0,
𝑧𝑦 = 𝜇,

𝑦2 = 1 − 𝑥2,
𝑥 = 𝑧,

⟹ {

𝑥2 − 2(1 − 𝑥2) = 0,
𝑧𝑦 = 𝜇,

𝑦2 = 1 − 𝑥2,
𝑥 = 𝑧,

⟹ {

𝑥2 − 2 + 2𝑥2 = 0,
𝑧𝑦 = 𝜇,

𝑦2 = 1 − 𝑥2,
𝑥 = 𝑧,

⟹ 

⟹ {

3𝑥2 = 2,
𝑧𝑦 = 𝜇,

𝑦2 = 1 − 𝑥2,
𝑥 = 𝑧,

⟹

{
 
 
 
 

 
 
 
 
𝑥 = ±√

2

3
,

𝜇 = 𝑧𝑦,

𝑦2 =
1

3
,

𝑧 = ±√
2

3
,

⟹

{
 
 
 
 
 

 
 
 
 
 
𝑥 = ±√

2

3
,

𝜇 = ±
√2

3
,

𝑦 = ±√
1

3
,

𝑧 = ±√
2

3
.

 

Since we have to minimize the function 𝑓(𝑥, 𝑦, 𝑥) then 

𝑋𝑚𝑖𝑛
(1)

= (−√
2

3
;−√

1

3
;−√

2

3
) 

𝑋𝑚𝑖𝑛
(2)

= (√
2

3
;−√

1

3
;√
2

3
) 

and 

𝑓𝑚𝑖𝑛 = 𝑓(𝑋𝑚𝑖𝑛
(1)
) = 𝑓(𝑋𝑚𝑖𝑛

(2)
) = −√

2

3
∙ √
1

3
∙ √
2

3
= −

2

3√3
. 

Answer: 

𝑓𝑚𝑖𝑛 = −
2

3√3
 

𝑋𝑚𝑖𝑛
(1)

= (−√
2

3
;−√

1

3
;−√

2

3
) , 𝑋𝑚𝑖𝑛

(2)
= (√

2

3
;−√

1

3
;√
2

3
) 
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