EXPERT

Sample: Abstract Algebra - Rings

Task 1. Let R be a commutative ring with unity and let a,b € R. Prove that if ab has a
multiplicative inverse in R, then both a and b have multiplicative inverses.
Proof. Let ¢ be the multiplicative inverse of ab, so cab = 1. Then
(ca)b =1,
and so
ca=>b"1
is the inverse of b.
Similarly, since R is commutative, ab = ba, and so
cba = cab = 1.
Thus
(cb)a =1,
and therefore
ch=a"t

is the inverse of a.

Task 2. Let R = 27 be the ring of even integers. Show that R contains a mazimal ideal
M so that R/M is not a field.

Proof. Let M = 47 C R be the ring of integers which are multiples of 4. We claim that
R/M is not a field.

We will prove that R/M has zero divisors. Indeed, let [2] = 2 4+ M be the class of 2 in
R/M, and [0] = M be the class of 0 in R/M. Then

2] [2) = (2+M)2+M)=4+M =M =[0]

since 4 € M.
Thus [2] is a zero divisor in R/M, and so R/M is not a field.

Task 3. Prove that if R is a commutative ring with unity and f = a,z™ + -+ ag is a
zero divisor in R|x], then there exists a nonzero b in R such that

ba, = b*a,_1 = b3a, o =---=0.

Proof. The assumption that f is a zero divisor in R[x] means that there exists a polynomial
g = bpx™ + bpy_12™ 1 + - + by such that b, # 0 and
9f =0
in R[z].
We claim that the coefficient b, at z,, has the required property:
bman = bfnan_l = bfnan_g =..-=0.

Indeed, fg = 0 means that all the coefficients of fg are zero. Let us write exact formulas

for fg:
Gf = (™ + by 1™ 4 by) - (ana™ + a2 ag) =

(bay) 2"+

(bman—l + bm—lan> xn—l—m—l_'_
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(bman—Q + bype1Gp—1 + bm—2an) phtm—2 4.

Thus
bna, =0,
bmn-1+ bm—1a, =0,
bmaan + bm,1an41 + bm—Qan = 07
and so on.

The first equation is what we need: b,,a,, = 0.
Multiplying the second equation by b,, we get:
0 = by (b1 + brn_10,) = b2,an_1 + bbby 10y = b2,a0_1 + b1 (bnay,) =
= bfnan_l + b1 -0 = bfnan_l,
Thus
bfnan_l =0.
Again, multiplying the third equation by b2, we obtain
b2 (Do + by 1@y 1 + by—2ay) = b2 ap_o 4 by 1(b2,an_1) + by_2bp (bnay) =
bilan_g 4+ b1 -0+ by_2b,, - 0= b?nan_g.
Thus
bf’nan_g =0.
By similar arguments multiplying coefficent at ™*"~* by b’fn we will get that
b,knan—kﬂ =0
for all k.



http://www.assignmentexpert.com/
http://www.assignmentexpert.com/do-my-assignment.html
https://www.assignmentexpert.com/assignments/#signup
http://www.assignmentexpert.com

