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Sample: Real Analysis - Real Analysis Task

Problem 1. Let {x,,} and {y,} be sequences of real numbers with the property

lim x, = lim y, = L € [—o0, 400].
n—oo n—-oo

Prove that the sequences a,, = % and b,, = /x,y, are convergent to L.

(For {b,,}, it is assumed that x,,y, = 0, of course.)

Solution. Suppose € > 0.
Since we are given lim x,, = L, then by definition of the limit of a sequence there exists some N; €
n—-oo

N such thatif n > Nj then |x, — L] < 2
Similarly, since lim y, = L, there exists some N, € N such thatif n > N, then |y, — L| < g
n—-oo

Let us now choose N = max{N;,N,}. For n > N, both of the above inequalities hold. We can
therefore add them together:
£

&
|xn_L|+|yn_L|<§+2

=&

foreveryn > N.
Next, recalling the triangle inequality, we have
|(xn +yn) - (L + L)I < Ixn - Ll + Iyn - Ll:
and thus
[Cen + ) — 2L < &
We see that lim (x,, + y,,) = 2L.
n—-oo

Finally, recall the following property of limits of real sequences:

limcx, =clim x,, foreveryc € R.
n—oo n—-oo

By applying this property, we have

1 1 1
lim a, = rlll_r)roloi(xn + Yn) =E7li_r)£1°(xn + ¥n) =§* 2L =1,

n—-oo

and we have completed the first part of the proof.

Let us now look at sequence b,,.

This part will be slightly more complicated, since we will need to use an additional result: every
convergent sequence is bounded. Let us prove this statement.

We will use {x,,} as an example. Recall that we have rlll_r)rgo X, = L € R, which means that {x,}is a

convergent sequence. According to the definition given above, there exists some N; € N such thatifn > N;
then|x, —L| <gorL—e<x,<L+e

The set {x,,: 1 < n < N;}is finite and therefore bounded: there exist m, M € R such that for all
n < N; wehavem < x, <M.

Now take m’ = min{L — &, m} and M’ = max{L + &, M}. We now have that foralln € N, m' <
Xn < M', so the sequence {x,} is bounded.

We can now proceed to the final part of our proof.

Applying the result above to both {x,} and {y,}, we can state that there exist m’,m”,M’,M" € R
such that for all neN, m<x,<M and m'<y,<M’. We now choose M =
max{1, [L|, [m[, |m"|, |M"]|, [M"}.

We can repeat our definition of convergence for x, and y,,.

e there exists some N; € N such thatif n > N; then |x, — L| < j;

e there exists some N, € N such thatif n > N, then |y, — L| < ﬁ

Just like for a,,, choose N = max{N;, N,}, and both inequalities hold forn > N.
Now let us evaluate |x,,y,, — L?|.
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| %7y — L2| = |XpYn — XpL + xL — L2| = |x, Oy — L) + L(xp — L)|
Apply the triangle inequality:
€
[n O — L) + L(xn — DI < x| % [yn — LI+ |L| % [x, — L| < MW
But |L| < M by definition of M, so

Me
2M

Combining the first and last steps, we have

+1L]=
2M'

+|L| £ <2M £ _
= omTE
X, — L?] < &,
which means that lim x,,y,, = L.
n—-oo

Suppose that L # 0. As we have just shown, there exists an N € N such that for every n > N,
|,y — L?| < €, which can be modified to |x,y, — L?| < €|L|.

Now consider

_ Im‘*’l'l _ [%nYn _Lzl |20 Vn _LZI e|L| _
|\/xnyn _Ll - |\/xn3’n _L| | /—xHyn +L| = | '—xnyn +L| < IL] <m =&

Thus, if L # 0, we have lim /x,y, = L.
n—-oo

Now suppose that L = 0.Since lim x,,y,, = L? = 0, there exists some N € N such that for everyn >
n—-oo
N, X,V = |xpyn — 0] < €2 (note that here we have used the condition that x,,y, = 0). Then \/x,y, <

vVe? =¢,and |/x, v, — L| = |,/xnyn| < &, and in this case we also have Al—l;rc}o XnVn = L.

The proof is complete.

Problem 2. Find the radius of convergence of the following power-series

o1+ (D"
14D
Vn 2n

n=0

specify the disk of convergence, and study the convergence at the points z on the boundary of that disk
situated on the real line, respectively on the y-axis.

(ATTN: We are taking about four values of z here.)

Solution. To find the radius of convergence, we will first need to find the limit superior of the sequence

1 . 1+(-1)" . 1+1 2
{(cn)n}, where (in our case) ¢, = N To do this, note that ¢y, = TRk = TaR otk > 0, whereas
1-1
Cok+1 = W = (. Thus,
1 1 1
I ( )l I 1+ (—1)™\n I 2 \n i 2n
n = _— = = —_———
Jim supCen) = fim sup (=) = i (=) = fim ——
2(vn)®
1 1 1
Now note that lim nzz = lim ezn' ™" = 1 and lim 2n = 2° = 1. Therefore,
n—oo n—oo n—-oo
I ( 1 1 1
n = = —
lim sup Cn) T 17
Applying the formula for radius of convergence, we have
1
R=———=2.

1
lim sup(c,)n
n—-oo
The disk of convergence is 4z = {z:|z| < 2}.
The last part of the problem is to study the convergence at the points z on the boundary of that disk
situated on the real line, respectively on the y-axis. These points are (2, 0), (0, 2), (—2, 0), (0, —2).
[ ] Z1 = 2



http://www.assignmentexpert.com/
http://www.assignmentexpert.com/do-my-assignment.html
https://www.assignmentexpert.com/assignments/#signup
http://www.assignmentexpert.com

(2N

EXPERT

C1+H(-D" Ol (-D" o 1 (-1)"
TR Tt DI 2D

n=0 n=0 n=0 n=0

. 1. . . 1
Note that the series E?f:oﬁ diverges, since we know that power series Y7 — converges

ifandonlyifp > 1 and in our casep = i <1
=n"

Vn
1

sequence {\/_ﬁ} decreases monotonically and goes to zero in the limit as n = oo.

Now recall that the sum of ta convergent and divergent series diverges. Thus,

However, Y:n_, converges, which can be shown by the alternating series test, since the

Yo 1;%_21:1 2" diverges.
Z2 = Zi
Recall that i#k+1 =, j4k+2 = _1 *k+3 = _j %k = 1 for every k € N. Therefore,
C 1+ (=D
-
n=o VI
Z 1+ (_1)4n+1 Z 1+ (_1)4n+2 Z 1+ (_1)4n+3 ]
= L — -
—  V4n+1 — in +2 —  V4n+3
n=0 n=0 n=0
N Z 1 + (_1)4n ) Z 1 + (_1)4n+1 1 + (_1)4n+3>
=l —
~ Vé4n ~ Vvin+1 in+3
. i (1 + (-1 1+ (—1)4“+2>
L\ Van Van + 2

Now note that (—1)*® = (—1)%"*2 = 1 and (—1)*"*1 = (=1)*"*3 = —1. Thus, swe can

further simplify this expression as follows:

: -*\-/T_E;i)n (207" = iz (\/in_+11 - \/in_+13 ) - Z (1/:_711 - \/%>

n=0 n=0 n=0

D (== 2 )

n=0 n=0
Let us now investigate convergence of this series. We will transform the summand:
1 2 Van+2-2Vn _ 4n+2—4n B
Vi Van+2  Vnvan+2  VnVdn+2 (VAn+2+2vn)
2
S VnvAn + 2 (Van + 2 + 2vn)
We will use the comparison convergence test. Since v4n + 2 > v4n, we have
2 2 2 1

Jivin + Z (VAn + 2+ 2vm) - ynan (Van + 2vn)  2n(2vn+2vn)  3nvm
1

3
3n2
. . 1 . . 3
Recall again that the power series Z;‘{;On—p converges ifandonlyifp > 1; herep = 3 >1,s0

. 1
our series Y.;q—,—3 converges.
3nz

Finally, by applying the comparison convergence test, we see that the initial series

o 1+(=D"
Z'n.:O \/zzn

(2i)™ also converges.

Z3:_2
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o1+ (-1)" 1+ (D" DY O
( )(_Z)n_ ( LHED" Z( )+Z
Vn2n Vn
n=0 n=0
This expression is equal to the one we obtained for Y., 13(5 21,3 2™, and we have already
shown that this series diverges above.
o z,=-2i
> 1+ (1" > 1+ (1"
(-1) (—2i)" = (-1 ()
Vn2r Vn
n=0 n=0
We wiII use the same approach as for z, = 2i.
1+ (=)
CD i =
n=0 \/_

4n+1 i 1+ (_1)4n+2 N 1+ ( 1)4n+3
i— i
Vin +1 van + 2 = van + 3

)411

i
Zl

Problem 3. Let f: R — R be a continuous function with the property liT f(x) = lim f(x) = +oo.Prove
x—+00 X—>—00

that such a function attains its minimum.

Solution. Let us first consider what we mean by lirJIl f(x) =+ oo: forevery M > 0, there exists some n; >
XxX—+00

0 such that for all x > n,, we have f(x) >M.
Similarly, lim f(x) = +oo is equivalent to the statement that for every M > 0, there exists some
X—>—00

n, > 0 such that forall x < —n,, f(x) >M.

Therefore, for every M > 0 we can choose n = max{n,, n,} so that if |[x| > n, then f(x) >M. We
see that f does not attain its minimum outside [—n, n].

But [—n,n] is a compact set. Since the function f is continuous, it attains a minimum on [—n, n] (by
the Extreme Value Theorem). Let us denote the point where the minimum is attained as xy: f(x,) =

min _f(x).

x€[-n,n]

Due to the way we chose n, f (x) < M forall x € [—n,n]; thus, f(x,) < M, and we see that f (x,) =
meinrg f(x). The proof is complete.
X

Problem 4. Given that f: R — R is differentiable at 0 and f'(0) = 1, find

i £890 — f( —x)
jm I~ — AT

x-0
Give reasons for your answer.

Solution. To find the value of our expression, we will somewhat transform it by adding and subtracting £ (0):

I fG)—f(=x) = f)—=fO)+f(O0)—f(—x) = flx)— f(O) . f(0)— f( X)
xl—rg) X - )lcl—I:% X 3lcl—>0 xl—>0
In the second expression, we can introduce a new variable w = —x:

lim flx) — f(O) + lim f(0) —f(—x)

x-0 x—>0
~ lim fl) — f(O) . f(=x)—f0O) = f(x)- f(O) . fw)—f(0)
= lim lim = lim + lim .

x=0 x—»0 —x x=0 w—>0 w
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Answer. lim
x-0

Now recall the definition of the derivative of function f:
o faHR) = ()
fe) = fim =
Thus,
()~ f(0)
PO = i =

This is exactly the expression we obtained above. So we can write

Li—r%w_l_ &wa = f'(0) + f'(0) = 2 = f'(0).
Finally, since we are given f'(0) = 1, we can say that

fO—f(=x) _ 2.
X
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