
SOLUTION Q1 (a) 

To determine which columns of the matrix form the basis of the column space we perform 
elementary row operations to receive reduced row echelon form (elementary row operations do 
not affect the dependence relations between columns). 

»
»
»

¼

º

«
«
«

¬

ª

»
»
»

¼

º

«
«
«

¬

ª

���

��

»
»
»

¼

º

«
«
«

¬

ª

���

��

»
»
»

¼

º

«
«
«

¬

ª

���

��

»
»
»

¼

º

«
«
«

¬

ª

���

�

0000
1110
1201

~

~
3330
1110
1021

~
3330
4440
1021

~
1312
3421
1021

~
1312
3421
1021

Now we can see that the first and the second columns form a basis of the column space (we say
this way since these columns have leading ones in reduced row echelon form). 

Thus, 
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SOLUTION Q1 (b) 

To determine which rows of the matrix form the basis of the row space we perform elementary 
row operations to receive row echelon form (elementary row operations do not affect the row 
space). This was done in part (a): 
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Non-zero rows in row echelon form are in basis of row space: 

> @ > @! � 1110,1201)(aRow

SOLUTION Q1 (с) 

The null space is orthogonal to the row space. To find it we should solve the system 0 ax : 
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or, in fact, we can solve the same system for a  in reduced row echelon form, which is easier: 
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Thus, vectors in the null space have the form 
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, where 3x

and 3x  are arbitrary values.

Therefore !
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SOLUTION Q1 (d) 

From the part (b) we can see that all vectors in the row space have the form � � � �> @bababa �� ,2,, ,
where ba,  are arbitrary constants. Really, 

> @ > @ � � � �> @bababababrar �� � � ,2,,1,1,1,01,2,0,121  

Therefore to check if the vector > @4321 ,,, xxxx  is in the row space we should simply check if 

3212 xxx  �  and 421 xxx  � . 

Let’s do that: 
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1) > @ > @1,1,3,2,,, 4321 �� xxxx , 

321 13222 xxx   �� � , 421 132 xxx  � � � . This vector is in the row space. 

2) > @ > @4,1,2,2,,, 4321 � xxxx , 

321 62222 xxx z �� � . This vector is not in the row space. 

3) > @ > @1,6,4,1,,, 4321  xxxx , 

421 541 xxx z � � . This vector is not in the row space. 

4) > @ > @2,5,1,3,,, 4321 ��� xxxx , 

� � 321 51322 xxx  � ��� � , 421 213 xxx  � �� � . This vector is in the row space. 

 

SOLUTION Q1 (e) 

From the part (c) we can see that all vectors in the row space have the form � � � �> @bababa �� ,2,, , 
where ba,  are arbitrary constants. Now let two first components be same, then 
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Thus, all such vectors have the form > @ > @aaaaxxxx 2,3,,,,, 4321  , where a  is arbitrary value. This 

set can be written as the following span: 

> @^ ` > @^ ` > @!� � � 2,3,1,12,3,1,12,3,, spanRaaRaaaaa  
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SOLUTION Q1 (a) 

To determine which columns of the matrix form the basis of the column space we perform 
elementary row operations to receive reduced row echelon form (elementary row operations do 
not affect the dependence relations between columns). 
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Now we can see that the first and the second columns form a basis of the column space (we say 
this way since these columns have leading ones in reduced row echelon form). 

Thus, 
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SOLUTION Q1 (b) 

To determine which rows of the matrix form the basis of the row space we perform elementary 
row operations to receive row echelon form (elementary row operations do not affect the row 
space). This was done in part (a): 
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As we see column spaces of both transforms coincide, therefore the previous spans are equal too: 

� � � �321321 ,,,, qqqSpanpppSpan   
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