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𝑐 =  
1
8

 

(b)  

𝑓𝑋(𝑥) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑦
𝑌

= ∫ 𝑐(𝑦2 − 𝑥2)𝑒−𝑦𝑑𝑦
∞

0

=
1
8

∫(𝑦2 − 𝑥2)𝑒−𝑦𝑑𝑦
∞

0

= |𝑙𝑒𝑡 𝑢 = 𝑦2 − 𝑥2, 𝑑𝑣 =  𝑒−𝑦𝑑𝑦
=> 𝑑𝑢 = 2𝑦𝑑𝑦, 𝑣 = −𝑒−𝑦 | =

1
8 ((−(𝑦2 − 𝑥2)𝑒−𝑦)0

∞ + 2 ∫ 𝑦𝑒−𝑦𝑑𝑦
∞

0

)

= | 𝑙𝑒𝑡 𝑢 = 𝑦, 𝑑𝑣 =  𝑒−𝑦𝑑𝑦
=> 𝑑𝑢 = 𝑑𝑦, 𝑣 = −𝑒−𝑦|

=
1
8 ((−(𝑦2 − 𝑥2)𝑒−𝑦)0

∞ + 2(−𝑦𝑒−𝑦)0
∞ + 2 ∫ 𝑒−𝑦𝑑𝑦

∞

0

)

=
1
8

(−(𝑦2 − 𝑥2)𝑒−𝑦 − 2𝑦𝑒−𝑦 − 2𝑒−𝑦)0
∞

=
1
8

(0 + 0 + 0 + (0 + 𝑥2) ∗ 1 + 0 + 2 ∗ 1) =
𝑥2 + 2

8
, −𝑦 ≤ 𝑥 ≤ 𝑦 

𝑓𝑌(𝑦) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑥
𝑋

= ∫ 𝑐(𝑦2 − 𝑥2)𝑒−𝑦𝑑𝑥

𝑦

−𝑦

=
1
8

𝑒−𝑦 ∫(𝑦2 − 𝑥2)𝑑𝑥

𝑦

−𝑦

=
1
8

𝑒−𝑦 ∗ (𝑦2𝑥 −
𝑥3

3
)

−𝑦

𝑦

=
1
8

𝑒−𝑦 (𝑦2 ∗ 𝑦 −
𝑦3

3
− 𝑦2 ∗ (−𝑦) +

(−𝑦)3

3
)

=
1
8

𝑒−𝑦 ∗
4
3

𝑦3 =
𝑦3𝑒−𝑦

6
, 𝑦 ≥ 0 

 

(c) 

𝐸(𝑋) = ∫ 𝑥𝑓𝑋(𝑥)𝑑𝑥
𝑋

= ∫ 𝑥 ∗
𝑥2 + 2

8
𝑑𝑥

𝑦

−𝑦

=
1
8

∫(𝑥3 + 2𝑥)𝑑𝑥

𝑦

−𝑦

=
1
8

(
𝑥4

4
+ 𝑥2)

−𝑦

𝑦

=
1
8

(
𝑦4

4
+ 𝑦2 −

(−𝑦)4

4
− (−𝑦)2) = 0 
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The area under the line equals to area of a right triangle with cathetus of length c minus area of 
a right triangle with cathetus of length (c-b): 

𝑆2 =
𝑐2 − (𝑐 − 𝑏)2

2
=
2𝑏𝑐 − 𝑏2

2
 

Case 3:𝑎 < 𝑐 < 𝑏 

The figure for this case will be symmetrical to case 2 figure. The corresponding formulas for area 
are the same too, just switch a and b: 

𝑆3 =
𝑐2 − (𝑐 − 𝑎)2

2
=
2𝑎𝑐 − 𝑎2

2
 

Case 4:𝑏 < 𝑎 < 𝑐 ≤ 𝑎 + 𝑏 

 
The area under the line equals to area of a right triangle with cathetus of length c minus area of 
a right triangle with cathetus of length (c-b) and minus area of a right triangle with cathetus of 
length (c-a): 

𝑆4 =
𝑐2 − (𝑐 − 𝑏)2 − (𝑐 − 𝑎)2

2
 

 

Case 5:𝑎 < 𝑏 < 𝑐 ≤ 𝑎 + 𝑏 

The figure for this case will be symmetrical to case 4 figure. The corresponding formulas for area 
are the same too, just switch a and b: 
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𝑆5 =
𝑐2 − (𝑐 − 𝑎)2 − (𝑐 − 𝑏)2

2
!

!

"#$%!&'!𝑐 > 𝑎 + 𝑏!

!

()!*+,$!-#$%!*+%!.+/0%!1%-*#)20%!.,00!0/-#*%!3)4%1!*+%!0,)%'!

𝑆6 = 𝑎𝑏!

5366#1,7%!*+%!#1%#$!8/3)4!*/!93,04!/)%!83)-*,/)'!

𝑆 =

{
 
 
 
 

 
 
 
 𝑐2

2
, 𝑖𝑓 𝑐 ≤ 𝑎 𝑎𝑛𝑑 𝑐 ≤ 𝑏

𝑐2 − (𝑐 − 𝑏)2

2
, 𝑖𝑓 𝑏 < 𝑐 ≤ 𝑎

𝑐2 − (𝑐 − 𝑎)2

2
, 𝑖𝑓 𝑎 < 𝑐 ≤ 𝑏

𝑐2 − (𝑐 − 𝑏)2 − (𝑐 − 𝑎)2

2
, 𝑖𝑓 𝑎 < 𝑏 < 𝑐 ≤ 𝑎 + 𝑏 𝑜𝑟 𝑏 < 𝑎 < 𝑐 ≤ 𝑎 + 𝑏

𝑎𝑏, 𝑖𝑓 𝑐 > 𝑎 + 𝑏  

!

"/69,)%!#)4!*1#)$8/16!$/6%!/8!*+%!-#$%$!*/!2%*!6/1%!-/6:#-*!8/16'!

𝑆 =

{
 
 
 

 
 
 𝑐2

2
, 𝑖𝑓 𝑐 ≤ min (𝑎, 𝑏)

𝑐2 − (𝑐 − 𝑚𝑖𝑛(𝑎, 𝑏)) 2

2
, 𝑖𝑓 min(𝑎, 𝑏) < 𝑐 ≤ max (𝑎, 𝑏)

𝑐2 − (𝑐 − 𝑏)2 − (𝑐 − 𝑎)2

2
, 𝑖𝑓 max(𝑎, 𝑏) < 𝑐 ≤ 𝑎 + 𝑏

𝑎𝑏, 𝑖𝑓 𝑐 > 𝑎 + 𝑏

!

;1%#!/8!*+%!1%-*#)20%'!

𝑆𝑓𝑢𝑙𝑙 = 𝑎𝑏!

<$%!*+%!8/1630#$!8/1!#1%#$!*/!8,)4!*+%!:1/9#9,0,*=!8/1!%#-+!-#$%'!
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𝑃(𝑎𝑋 + 𝑏𝑌 ≤ 𝑐) =

{
 
 
 

 
 
 𝑐2

2𝑎𝑏
, 𝑖𝑓 𝑐 ≤ min (𝑎, 𝑏)

𝑐2 − (𝑐 − 𝑚𝑖𝑛(𝑎, 𝑏)) 2

2𝑎𝑏
, 𝑖𝑓 min(𝑎, 𝑏) < 𝑐 ≤ max (𝑎, 𝑏)

𝑐2 − (𝑐 − 𝑏)2 − (𝑐 − 𝑎)2

2𝑎𝑏
, 𝑖𝑓 max(𝑎, 𝑏) < 𝑐 ≤ 𝑎 + 𝑏

1, 𝑖𝑓 𝑐 > 𝑎 + 𝑏

!

!

!

!"#$%&'()*)

"#$%!&#'&!()!𝑋!'*+! 𝑌!',-!.$(*&/0!1$*&(*2$234!&#-*!𝑋 + 𝑌!(3!'!1$*&(*2$23!,'*+$5!6',('7/-!%#(/-!
𝑋, 𝑌!'*+! 𝑋 + 𝑌!',-!*$&!.$(*&/0!1$*&(*2$238!

+',"%&'(-)

9)!:!'*+!;!',-!.$(*&/0!1$*&(*2$23!,'*+$5!6',('7/-34!&#-,-!-<(3&3!'!1$*&(*2$23!+-*3(&0!)2*1&($*!
𝑓𝑋𝑌(𝑥, 𝑦)!321#!&#'&!

𝑃(𝑋 ≤ 𝑠, 𝑌 ≤ 𝑡) = ∫ 𝑓𝑋𝑌(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥≤𝑠,   𝑦≤𝑡

!

=$%4!1$*3(+-,!&#-!,'*+$5!6',('7/-!𝑋 + 𝑌8!>$*3(+-,!&#-!)$//$%(*?!@,$7'7(/(&08!

𝑃(𝑋 + 𝑌 ≤ 𝑎) = ∫ 𝑃(𝑋 ≤ 𝑠, 𝑌 ≤ 𝑎 − 𝑠)𝑑𝑠
𝑠≤𝑎

= ∫ ∫ 𝑓𝑋𝑌(𝑥, 𝑦)𝑑𝑥𝑑𝑦
𝑥≤𝑠,   𝑦≤𝑎−𝑠

𝑑𝑠
𝑠≤𝑎

!

A#-!)2*1&($*!𝑓𝑋𝑌(𝑥, 𝑦)!(3!1$*&(*2$23!(*!𝑅28!A#234!&#-!(*&-?,'/!'7$6-!#'3!'!1/-',!?-$5-&,(1'/!3-*3-!
–!6$/25-!$)!&#-!12,6(/(*-',!1$*-8!A#234!&#-!@,$7'7(/(&0!1$*3(+-,-+!-<(3&3!'*+!(3!1$*&(*2$23!)$,!
321#!𝑋!'*+! 𝑌8!"$4!𝑋 + 𝑌!(3!'!1$*&(*2$23!6',('7/-8!

=$%!'3325-!&#'&!𝑋, 𝑌!'*+! 𝑋 + 𝑌!',-!.$(*&/0!1$*&(*2$238!9*!&#(3!1'3-!&#-,-!523&!-<(3&!'!)2*1&($*!
𝑓𝑋𝑌,𝑋+𝑌(𝑥, 𝑦, 𝑥 + 𝑦)!321#!&#'&!

𝑃𝑗 =  𝑃(𝑋 ≤ 𝑠, 𝑌 ≤ 𝑡, 𝑋 + 𝑌 ≤ 𝑎) = ∫ 𝑓𝑋𝑌,𝑋+𝑌(𝑥, 𝑦, 𝑥 + 𝑦)𝑑𝑥𝑑𝑦
𝑥≤𝑠,   𝑦≤𝑡,   𝑥+𝑦≤𝑎

!

B#-*!/$$C(*?!'&!&#-!)$,52/'!'7$6-!%-!1'*!2*+-,3&'*+!&#'&!&#-!1$*+(&($*3!𝑥 ≤ 𝑠,   𝑦 ≤ 𝑡,     𝑥 +
𝑦 ≤ 𝑎!are not independent. There are “border” points where the final equation will change its 
3#'@-8!!

D$,!-<'5@/-4!'3325-!3!'*+!&!(*1,-'3-!),$5!3$5-!@$(*&!'*+!&-*+!&$!&#-!/(*-!𝑠 + 𝑡 =  𝑎8!E-/$%!
&#(3!/(*-!F𝑠 + 𝑡 = 𝑎 − 𝜖G!&#-!@,$7'7(/(&0!𝑃𝑗!%(//!-<(3&!'*+!%(//!7-!*$*HI-,$!(*!?-*-,'/!1'3-8!E2&!.23&!
'7$6-!&#-!/(*-!F𝑠 + 𝑡 = 𝑎 + 𝜖G!%-!',-!32,-!&$!?-&!𝑃𝑗 = 04!7-1'23-!()!𝑠 +  𝑡 >  𝑎!&#-!-6-*&3!𝑥 ≤
𝑠,   𝑦 ≤ 𝑡,   𝑥 + 𝑦 ≤ 𝑎!%(//!*-6-,!$112,!3(52/&'*-$23/08!!

J3!%-!1'*!3--4!𝑃𝑗!will have a “jump” in the set of points 𝑠 + 𝑡 =  𝑎8!A#234!&#-!@,$7'7(/(&0!(3!*$&!
1$*&(*2$23!'*+!3$4!𝑋, 𝑌!'*+! 𝑋 + 𝑌!',-!*$&!.$(*&/0!1$*&(*2$238!

!
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