
Question 1 

Suppose that a function 𝑓(𝑥) defined everywhere is decreasing and concave down. 

Prove that there is a number 𝑎, such that 𝑓(𝑎) < 0. 

Solution. 

Since function is decreasing, for 𝑥0 < 𝑦0 we have: 𝑓(𝑦0) < 𝑓(𝑥0). Since function is

concave down, for 𝑧0 > 𝑦0 we have: 

𝑓(𝑦0) ≥
𝑧0 − 𝑦0
𝑧0 − 𝑥0

𝑓(𝑥0) +
𝑦0 − 𝑥0
𝑧0 − 𝑥0

𝑓(𝑧0) 

So 

𝑓(𝑧0) ≤
1

𝑦0 − 𝑥0
(𝑓(𝑦0)(𝑧0 − 𝑥0) − (𝑧0 − 𝑦0)𝑓(𝑥0))

=
1

𝑦0 − 𝑥0
(𝑧0(𝑓(𝑦0) − 𝑓(𝑥0)) + (𝑦0𝑓(𝑥0) − 𝑓(𝑦0)𝑥0))

= 𝑧0
𝑓(𝑦0) − 𝑓(𝑥0)

𝑦0 − 𝑥0
+
𝑦0𝑓(𝑥0) − 𝑓(𝑦0)𝑥0

𝑦0 − 𝑥0

The last expression is a linear function of 𝑧0. Slope of this function is 
𝑓(𝑦0)−𝑓(𝑥0)

𝑦0−𝑥0
<

0 because 𝑦0 > 𝑥0 and 𝑓(𝑦0) < 𝑓(𝑥0). This function intercepts x-axis at some 

point 𝑝0.  

Thus ∀𝑥 > 𝑝0 this function is negative. Since 𝑓(𝑧0) is less than values of this 

function, there exists 𝑎: 𝑓(𝑎) < 0. 

Question 2 

Find without a calculator or computer the integral part of

1 +
1
√2

+
1
√3

+⋯+
1

√1,000,000

(The integral part means the largest integer less or equal to the given one). 
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Solution. 

Consider a function

𝑓(𝑥) =
1
√𝑥

∫ 𝑓(𝑥)𝑑𝑥
1000000

1
= 2𝑥

1
2|
𝑥=1

1000000
= 2000 − 2 = 1998 

Since function 
1
√𝑥

 is monotone decreasing, we have: 

∑
1
√𝑛

1000000

𝑛=2

= ∑
1
√𝑛

1000000

𝑛=1

− 1 < ∫ 𝑓(𝑥)𝑑𝑥
1000000

1
< ∑

1
√𝑛

999999

𝑛=1

= ∑
1
√𝑛

1000000

𝑛=1

−
1

1000

So 

1
1000 + ∫ 𝑓(𝑥)𝑑𝑥

1000000

1
< ∑

1
√𝑛

1000000

𝑛=1

< ∫ 𝑓(𝑥)𝑑𝑥
1000000

1
+ 1 

Thus 

1998.001 < ∑
1
√𝑛

1000000

𝑛=1

< 1999 

So integral part of

∑
1
√𝑛

1000000

𝑛=1

equals 1998. 
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Question 3 

Prove without calculator or computer that 20152013 < 20142014 < 20132015. 

Solution. 

Consider a function 

𝑓(𝑥) = (2014 + 𝑥)2014−𝑥 

We need to prove 

𝑓(1) < 𝑓(0) < 𝑓(−1) 

Let’s find derivative 𝑓′(𝑥): 

𝑓′(𝑥) = (𝑒ln(2014+𝑥)⋅(2014−𝑥))′ = (2014 + 𝑥)2014−𝑥 (
2014 − 𝑥
2014 + 𝑥 − ln(2014 + 𝑥)) 

For 𝑥 ∈ [−2,2] we have: 

(2014 + 𝑥)2014−𝑥 ≥ 0 

ln 2012 ≤ ln(2014 + 𝑥) ≤ ln 2014 

2012
2016 ≤

2014 − 𝑥
2014 + 𝑥 ≤

2016
2012

So for 𝑥 ∈ [−2,2] we have: 𝑓′(𝑥) < 0.

Thus 𝑓 is decreasing on [−2,2]. So 

𝑓(−1) > 𝑓(0) > 𝑓(1) 

The inequality is proved. 
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Question 4 

Prove that for any 𝑛 > 1 

1
2√𝑛

< (
1
2) (

3
4) (

5
6)… (

2𝑛 − 1
2𝑛 ) <

1
√2𝑛

. 

Solution. 

We need to prove: 

1
2√𝑛

< (
1
2) (

3
4)…(

2𝑛 − 1
2𝑛 ) <

1
√2𝑛

Let’s take logarithm: 

Consider a function 

𝑓(𝑥) = ln (
2𝑥 − 1
2𝑥 ) 

This function is monotone increasing. 

Thus 

∑ln(
2𝑘 − 1
2𝑘 )

𝑛−1

𝑘=1

< ∫ 𝑓(𝑥)𝑑𝑥
𝑛

1
< ∑ ln (

2𝑘 − 1
2𝑘 )

𝑛

𝑘=2

 

− ln (
2𝑛 − 1
2𝑛 ) +∑ ln (

2𝑘 − 1
2𝑘 )

𝑛

𝑘=1

< ∫ 𝑓(𝑥)𝑑𝑥
𝑛

1
< ∑ ln (

2𝑘 − 1
2𝑘 )

𝑛

𝑘=1

− ln
1
2

So 

∫ 𝑓(𝑥)𝑑𝑥
𝑛

1
+ ln

1
2 < ∑ ln (

2𝑘 − 1
2𝑘 )

𝑛

𝑘=1

< ∫ 𝑓(𝑥)𝑑𝑥
𝑛

1
+ ln (

2𝑛 − 1
2𝑛 ) 

Note that 
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∑ln(
2𝑘 − 1
2𝑘 )

𝑛

𝑘=1

= ln∏
2𝑘 − 1
2𝑘

𝑛

𝑘=1

∫ 𝑓(𝑥)𝑑𝑥
𝑛

1
= 𝑥 ln (

2𝑥 − 1
2𝑥 ) +

1
2 ln

(2𝑥 − 1)|
𝑥=1

𝑛

= (𝑛 ln
2𝑛 − 1
2𝑛 −

1
2 ln

(2𝑛 − 1)) − (ln
1
2) 

So 

𝑛 ln
2𝑛 − 1
2𝑛 −

1
2 ln

(2𝑛 − 1) < ∑ ln (
2𝑘 − 1
2𝑘 )

𝑛

𝑘=1

< (𝑛 ln
2𝑛 − 1
2𝑛 −

1
2 ln

(2𝑛 − 1)) − (ln
1
2) + ln (

2𝑛 − 1
2𝑛 ) 

Taking exponent from both sides we get: 

1
√2𝑛 − 1

(
2𝑛 − 1
2𝑛 )

𝑛
<∏

2𝑘 − 1
2𝑘

𝑛

𝑘=1

<
1

√2𝑛 − 1
(
2𝑛 − 1
2𝑛 )

𝑛
⋅
2𝑛 − 1
𝑛

Now, 

1
√2𝑛 − 1

(
2𝑛 − 1
2𝑛 )

𝑛
>

1
2√𝑛

and 

1
√2𝑛 − 1

(
2𝑛 − 1
2𝑛 )

𝑛
⋅
2𝑛 − 1
𝑛 <

1
√2𝑛

So the inequality holds. 
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