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Sample: Functional Analysis - Functional Analysis Assignment

Question 1
Recall that we have defined Lebesgue outer measure as

Elo = inf ) |B]

BE€E

Where € ranges over all countable coverings of E by closed product boxes and |B|

is the product of side lengths when B is such a box. Show that the value of the outer

measure remains unchanged if the product boxes are taken to be open instead of

closed.
Solution.

[Elo = inf ) |B]

BEE

Suppose we take open coverings instead of closed.

Let B, be particular closed covering of the set E.

where Ci = [C{, di] X [Cé,dé] X ... X [C-ril, d;l]

|Bo| = i ﬁ(d; - C]'i)

i=1 j=1
Consider such open covering of E:
00 = U Oi
i=1

0, =(ct—6,d  +68) x(ck—6,ds+68;) % ..x (cb

We see that 0; D C;, thus Oy 2 By 2 E, so O, covers E.

— 6,dL + ;)
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n

|0;| = H(df - Cji +26;)

j=1
Such statements hold:

0] > 1G5 lim |O;| = ¢

Thus
Ve>0 38,:: |Ol| < |Cl| + &

Let’s take such §; that

&
2i+1

10;| < |C;| +

where ¢ is some fixed positive number.

Then we will get

&
100l = ) 101 < ) 1Cil + 57 = |Bol + ¢
i=1 i=1

So for every closed covering of E we built open covering of E such that it’s measure
differs from closed covering measure by arbitrary € > 0. So

where € is the set of all open coverings of E.
From the other side, for each open covering
0 = U Oi
i=1
0; = (cli, di) X (cé,dé) X ... X (c,il, d;l)

We can consider such closed covering:
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B; = [c}, di] x [ck, db] x .. x [c}, db]

such that B © 0 and |B| = |0]. Thus

infz 0] > inleBl
£, €

oeg, Bee
Finally we get:
infz 0] = inleBI
£, 3
oeg, Bee

So the value of outer measure remains unchanged if the product boxes are taken
to be open instead of closed.

Question 2

Consider the following sets in the real line: let C, := [0,1], and for k > 0, let

1 1 2
G = (5361) v (361 +3)
where aS + f = {ax + B|x € S}.Theset C = N;2, Cy is called the Cantor middle-
thirds set.

Show that C is an uncountable set.

Solution.

Let’s consider elements of the set C in terms of their expansion in base 3.
Co = [0,1]

contains the elements 0.x**xx where * is arbitrary number 0,1 or 2.
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C, = [o%] U E 1] — [0,0.15] U [0.25,1]

The set C; contains elements that have expansion 0.a *** where a = 0 or 2, *=
0,1,or 2.

=l o3l ol s 1

[0,0.015] U [0.025,0.15] U[0.25,0.215] U [0.225, 1]
C, contains elements that have 0 or 2 as their 1-st and 2-nd digits after the dot.

Generally, Cj, contains numbers that have first k digits after the dot 0 or 2 (in base
3). This rule holds for all numbers (including border points 0.k, k, ... k,, 1 because
they can be expressed in such a way:

0.0.kyky ..kl = 0.kyky ...k, 0222 ...
C == ﬂ Ck
i=1

So Cantor middle-thirds set consist of numbers from [0,1] that have only 0 and 2 in
their expansion in base 3.

Let’s now prove the Cantor set is uncountable.
Let
0.k1ky, ... k,, ... €C

Then k; € {0,2}. Now let’s consider a binary number

0.aqa, ...
that was build sing such a rule:
_ {0, k;=0
YTk =2
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We just built the bijection between the Cantor set and set of all binary numbers
from [0,1], which is uncountable. Thus Cantor set is uncountable.

Question 3

Show that every open set in R is a countable union of disjoint open intervals.

Solution.

Let’s create such relation on open set O:

x~y ifand only if xand y are covered by the same openinterval I € O (we consider
also semi-infinite and infinite intervals). Clearly, this relation is an equivalence:

- itis reflexive, because every x lies in O with some open neighborhood

- itis symmetric (if x and y are covered by |, then y and x are covered by |)

- it is transitive, (x,y covered by |, y,z covered by J, then | and J intersect and
x,z is covered by I U ])

Then

o=|Jr

a

O is union of disjoint equivalence classes I,,. This classes are clearly open intervals.
Number of such intervals is no more than countable because every open interval
contains unigue rational point, but there are countable many rational points.

So the statement is proved.
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