
Problem 2:  Consider the distribution of point charges as

shown in the diagram. Show that:  

(a) the quadruple moment tensor is given by the
following:

𝑄 =
3
2 (

𝑞𝑙2 0 0
0 −𝑞𝑙2 0
0 0 0

). 

Solution: in the Cartesian coordinate system the
coordinates of all the point charges are given by 𝑞1(+𝑞) →

(𝑙
2

, 0,0) , 𝑞2(−𝑞) → (0, − 𝑙
2

, 0) , 𝑞3(+𝑞) → (− 𝑙
2

, 0, 0) , 𝑞4(−𝑞) → (0, 𝑙
2

, 0). Each of them is

at the distance 𝑟 = 𝑙
2
 from the origin. The quadruple moment tensor is symmetric and its

trace is equal to zero. That implies that we have to calculate only 5 components of this
tensor. The components 𝑄𝑖𝑗 of the quadruple moment tensor are defined by 

𝑄𝑖𝑗 = ∑ 𝑞𝑘(3𝑥𝑖𝑘𝑥𝑗𝑘 − 𝛿𝑖𝑗𝑟𝑘
2)

𝑁

𝑘=1

,

 Where 𝑥𝑖𝑘 is the 𝑥𝑖(𝑖 = 2 → 𝑥2 = 𝑦) coordinate of 𝑘 −th charge. Let us calculate now the
components of this matrix: 

1) 𝑄𝑥𝑥 = 𝑄11 = ∑ 𝑞𝑘(3𝑥𝑘𝑥𝑘 − 𝑟𝑘
2)𝑁

𝑘=1 = +𝑞 (3𝑙2

4
− 𝑙2

4
) − 𝑞 (0 − 𝑙2

4
) + 𝑞 (3𝑙2

4
− 𝑙2

4
) −

𝑞 (0 − 𝑙2

4
) = 3

2
𝑞𝑙2. 

2) 𝑄𝑧𝑧 = 𝑄33 = ∑ 𝑞𝑘(3𝑧𝑘𝑧𝑘 − 𝑟𝑘
2)𝑁

𝑘=1 = − ∑ 𝑞𝑘 ⋅𝑁
𝑘=1 𝑟𝑘

2 (for each charge z −

compoent is 0) = − 𝑙2

4
(+𝑞 − 𝑞 + 𝑞 − 𝑞) = 0. 

3) 𝑄𝑥𝑥 + 𝑄𝑦𝑦 + 𝑄𝑧𝑧 = 0 ⟹ 𝑄𝑦𝑦 = 𝑄22 = −𝑄𝑥𝑥 − 𝑄𝑧𝑧 = − 3
2

𝑞𝑙2. 

4) 𝑄𝑥𝑦 = 𝑄𝑦𝑥 = 𝑄12 = ∑ 𝑞𝑘3𝑥𝑘𝑦𝑘 = +3𝑞 (𝑙
2

⋅ 0) − 3𝑞 (− 𝑙
2

⋅ 0) + 3𝑞 (− 𝑙
2

⋅ 0) −𝑁
𝑘=1

3𝑞 (0 ⋅ 𝑙
2
) = 0.

5) 𝑄𝑥𝑧 = 𝑄𝑧𝑥 = 𝑄13 = ∑ 𝑞𝑘3𝑥𝑘𝑧𝑘 =𝑁
𝑘=1 ∑ 𝑞𝑘(3𝑥𝑘 ⋅ 0) = 0𝑁

𝑘=1 . 
6) 𝑄𝑦𝑧 = 𝑄𝑧𝑦 = 𝑄23 = ∑ 𝑞𝑘3𝑦𝑘𝑧𝑘 =𝑁

𝑘=1 ∑ 𝑞𝑘(3𝑦𝑘 ⋅ 0) = 0𝑁
𝑘=1 . 

From this data we can reconstruct the quadruple moment tensor: 

𝑄𝑖𝑗 =

(

3
2 𝑞𝑙2 0 0

0 −
3
2 𝑞𝑙2 0

0 0 0)

=
3
2 (

𝑞𝑙2 0 0
0 −𝑞𝑙2 0
0 0 0

). 

Answer: the quadruple moment tensor is 

𝑄𝑖𝑗 =
3
2 (

𝑞𝑙2 0 0
0 −𝑞𝑙2 0
0 0 0

). 

(b) The quadruple potential is given (in spherical coordinates) by: 

Φ(4) =
3
4 𝑘𝐸𝑞𝑙2 ⋅

sin2 𝜃  cos 2𝜙
𝑟3 .

Solution: the quadruple potential can be calculated from formula 
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Φ(4)(𝑥, 𝑦, 𝑧) = ∑
𝑘𝐸𝑄𝑖𝑗𝑥𝑖𝑥𝑗

2𝑟5

3

𝑖,𝑗=1

, 

Where 𝑄𝑖𝑗 is the quadruple moment tensor and 𝑥𝑗 is the 𝑗 −th component of the radius
vector in the Cartesian system. Since there are only two nonzero components of 𝑄𝑖𝑗, the
potential takes form 

Φ(4)(𝑥, 𝑦, 𝑧) = ∑
𝑘𝐸𝑄𝑖𝑗𝑥𝑖𝑥𝑗

2𝑟5

3

𝑖,𝑗=1

=
𝑘𝐸(𝑄11𝑥2 + 𝑄22𝑦2)

2𝑟5 =
3𝑘𝐸𝑞𝑙2(𝑥2 − 𝑦2)

4𝑟5

 Let us now transform the Cartesian coordinates into spherical coordinates: 

Φ(4)(𝑟, 𝜃, 𝜙) =
3𝑘𝐸𝑞𝑙2((𝑟 sin 𝜃 cos 𝜙)2 − (𝑟 sin 𝜃 sin 𝜙)2)

4𝑟5

=
3𝑘𝐸𝑞𝑙2 sin2 𝜃 (cos2 𝜙 − sin2 𝜙)

4𝑟3 =
3
4 𝑘𝐸𝑞𝑙2 ⋅

sin2 𝜃  cos 2𝜙
𝑟3 . 

So finally we obtain the quadruple potential (in spherical coordinates): 

Φ(4) =
3
4 𝑘𝐸𝑞𝑙2 ⋅

sin2 𝜃  cos 2𝜙
𝑟3 .

Answer: the quadruple potential is given (in spherical system) by: 

Φ(4)(𝑟, 𝜃, 𝜙) =
3
4 𝑘𝐸𝑞𝑙2 ⋅

sin2 𝜃  cos 2𝜙
𝑟3 . 

(c) Sketch the potential as a function of angles 𝜃 and 𝜙 for a fixed 𝑟.
Solution: to sketch the potential Φ(4) for fixed 𝑟 it is convenient to introduce the
dimensionless potential 

𝜙(𝜃, 𝜙) =
𝑟3

𝑘𝐸𝑞𝑙2 ⋅ Φ(4)(𝜃, 𝜙) =
3
4 sin2 𝜃 ⋅ cos 2𝜙 

 We have plotted the potential 𝜙(𝜃, 𝜙) using Mathematica (Code:  SphericalPlot3D[3 4⁄ ∗
(Sin[𝜃])^2 ∗ Cos[2 ∗ 𝜙], 𝜃, 𝜙, PlotStyle → Directive[Red, Opacity[0.8]]]): 
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Problem 3: a hollow dielectric sphere (of l.i.h. material of 
dielectric constant 𝜖 and radii 𝑎 and 𝑏 < 𝑎) is in a uniform 
external filed �⃗�  in vacuum as shown. Try to justify the 
following forms for the potentials in three regions: 

𝑉1 = −𝐸0 cos 𝜃 (𝑟 −
𝐴
𝑟2) , 

𝑉2 = −𝐸0 cos 𝜃 (𝐵𝑟 −
𝐶
𝑟2) , 

𝑉3 = −𝐸0𝐷 cos 𝜃 𝑟, 

and use them to show that electric field in the cavity (𝐸3⃗⃗⃗⃗ ) is uniform and is given by following
expression: 

𝐸3⃗⃗⃗⃗ =
9𝜖

((𝜖 + 2)(2𝜖 + 1) − 2(𝜖 − 1)2 (𝑏𝑎)
3
)

�⃗�  (in Gaussian units). 

Solution: we will provide all the calculations in the Gaussian units. 

1) In all three regions the potentials 𝑉1, 𝑉2, 𝑉3satisfy the Laplace equation Δ𝑉 = 0. Our system
has azimuthal symmetry (this means that solutions does not depend on the angle 𝜙). In
this case the general solution of equation Δ𝑉 = 0 has the form

𝑉(𝑟, 𝜃) = ∑(𝐴𝑙𝑟𝑙 +
𝐵𝑙

𝑟𝑙+1) 𝑃𝑙(cos 𝜃)
∞

𝑙=0
𝑃𝑙(cos 𝜃) are Legendre polynomials in the variable of cos 𝜃: 𝑃0(𝑥) = 1, 𝑃1(𝑥) = 𝑥 … 
Let us consider the potentials 𝑉1, 𝑉2, 𝑉3more specifically: 
a) The external field is �⃗� = 𝐸0 ⋅ �̂�, so the potential that corresponds to this field is

�⃗� = −∇𝑉 ⟹ 𝑉 = −∫(�⃗� ⋅ 𝑑𝑟 ) = −𝐸0 ∫𝑑𝑧 = −𝐸0𝑧 

In the spherical system this potential has the form 𝑉 = −𝐸0𝑟 cos 𝜃. For large 𝑟 (𝑟 ≫ 𝑎) 
the potential 𝑉3 should look like the potential  𝑉 = −𝐸0𝑟 cos 𝜃. For large 𝑟 the value of 
𝐵𝑙

𝑟𝑙+1 is negligible small, therefore 

∑𝐴𝑙𝑟𝑙 ⋅ 𝑃𝑙(cos 𝜃) = −𝐸0𝑟 cos 𝜃
∞

𝑙=0

𝐴0 + 𝐴1𝑟 cos 𝜃 + ∑𝐴𝑙𝑟𝑙 ⋅ 𝑃𝑙(cos 𝜃) = −𝐸0𝑟 cos 𝜃
∞

𝑙=2
The Legendre polynomials form the linear independent system of functions, so this       
condition can be satisfied only when 𝑙 = 1 and 

𝐴𝑙 = 0 (𝑙 ≠ 1) 
𝐴1 = −𝐸0 (𝑙 = 1) 

      The potential 𝑉3the takes the form 

𝑉3(𝑟, 𝜃) = (𝐴1𝑟 +
𝐵1

𝑟2) ⋅ 𝑃1(cos 𝜃) = (−𝐸0𝑟 +
𝐵1

𝑟2) cos 𝜃 = −𝐸0 cos 𝜃 (𝑟 −
𝐴
𝑟2), 
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      Where 𝐴 = 𝐵1
𝐸0

. 

b) The potential 𝑉 is a continuous function on the boundary. That implies 
𝑉2(𝑎) = 𝑉1(𝑎). 

𝑉2(𝑟, 𝜃) = ∑(𝐵𝑙𝑟𝑙 +
𝐶𝑙

𝑟𝑙+1) 𝑃𝑙(cos 𝜃)
∞

𝑙=0

 

From this boundary condition we get 

∑(𝐵𝑙𝑎𝑙 +
𝐶𝑙

𝑎𝑙+1) 𝑃𝑙(cos 𝜃) =
∞

𝑙=0

− 𝐸0 cos 𝜃 (𝑎 −
𝐴
𝑎2) 

Again, since Legendre polynomials form the linear independent system of functions, 
this equality can be possible only if 𝑙 = 1 and 

𝐵𝑙 = 0 (𝑙 ≠ 1) 
𝐶𝑙 = 0 (𝑙 ≠ 1). 

From these conditions we obtain the look of the potential 𝑉2: 

𝑉2(𝑟, 𝜃) = (𝐵1𝑟 +
𝐶1

𝑟2) cos 𝜃 = 𝑉2 = −𝐸0 cos 𝜃 (𝐵𝑟 −
𝐶
𝑟2) , 

Where 𝐵1 = −𝐸0𝐵 and 𝐶1 = 𝐸0𝐶. 
c) The potential in third region has the form 

𝑉1(𝑟, 𝜃) = ∑(𝐷𝑙𝑟𝑙 +
𝐸𝑙

𝑟𝑙+1) 𝑃𝑙(cos 𝜃)
∞

𝑙=0

 

In this case 𝐸𝑙 = 0 for all 𝑙 −otherwise the potential will blow up at the origin. Thus 

𝑉1(𝑟, 𝜃) = ∑𝐷𝑙𝑟𝑙𝑃𝑙(cos 𝜃)
∞

𝑙=0

 

Using boundary condition 𝑉3(𝑏) = 𝑉2(𝑏) we obtain: 

∑𝐷𝑙𝑏𝑙𝑃𝑙(cos 𝜃)
∞

𝑙=0

= 𝐷0 + 𝐷1𝑏 cos 𝜃 + ∑𝐷𝑙𝑏𝑙𝑃𝑙(cos 𝜃)
∞

𝑙=2

= −𝐸0 cos 𝜃 (𝐵𝑏 −
𝐶
𝑏2) , 

      From linear independency of 𝑃𝑙(cos 𝜃) we once again get: 𝑙 = 1, 𝐷𝑙 = 0 (𝑙 ≠ 1). 
𝑉1(𝑟, 𝜃) = 𝐷1𝑟 cos 𝜃 = −𝐸0𝐷 𝑟 cos 𝜃 (𝐷1 = −𝐸0𝐷) 

Answer: the potentials in three regions are given by: 

𝑉1 = −𝐸0 cos 𝜃 (𝑟 −
𝐴
𝑟2) , 

𝑉2 = −𝐸0 cos 𝜃 (𝐵𝑟 −
𝐶
𝑟2) , 

𝑉3 = −𝐸0𝐷 cos 𝜃 𝑟. 
2) In the expressions for the potentials appear four constants 𝐴, 𝐵, 𝐶, 𝐷 that can be 

determined using boundary conditions. The electric field in the cavity is 
𝐸3⃗⃗⃗⃗ = −∇𝑉3 = −∇(−𝐸0𝐷 cos 𝜃 𝑟) = 𝐸0D∇𝑧 = 𝐸0𝐷�̂� = 𝐷 ⋅ �⃗� . 

From this formula we can see that field in the cavity is constant and has the same direction 
as the external field. To determine this field fully we should find the unknown 
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coefficient 𝐷. We will find 𝐷 using the boundary conditions. The potential itself is a 
continuous function on the boundary. This condition implies 

𝑉3(𝑏) = 𝑉2(𝑏),   𝑉2(𝑎) = 𝑉1(𝑎). 
The second boundary condition has the deal with the first derivative of the potential on the 
boundary. Since there are no free charges on the surfaces of the hollow sphere, it takes 
form 

𝜕𝑉3(𝑏)
𝜕𝑟 = 𝜖

𝜕𝑉2(𝑏)
𝜕𝑟 ,   

𝜕𝑉1(𝑎)
𝜕𝑟 = 𝜖

𝜕𝑉2(𝑎)
𝜕𝑟 . 

From first two conditions we obtain: 

−𝐸0𝐷 cos 𝜃 𝑏 =  −𝐸0 cos 𝜃 (𝐵𝑏 −
𝐶
𝑏2)   ⟹   

𝐶
𝑏3 = 𝐵 − 𝐷; 

−𝐸0 cos 𝜃 (𝑎 −
𝐴
𝑎2) = − 𝐸0 cos 𝜃 (𝐵𝑎 −

𝐶
𝑎2)   ⟹   𝐵 − 1 =

𝐶 − 𝐴
𝑎3 . 

From second one we get two additional relationships between constants 𝐴, 𝐵, 𝐶, 𝐷: 

−𝐸0𝐷 cos 𝜃 = −𝜖 𝐸0 cos 𝜃 (𝐵 +
2𝐶
𝑏3 )   ⟹   

𝐷
𝜖 = 𝐵 +

2𝐶
𝑏3 ; 

−𝐸0 cos 𝜃 (1 +
2𝐴
𝑎3 ) = −𝜖𝐸0 cos 𝜃 (𝐵 +

2𝐶
𝑎3 )    ⟹    1 +

2𝐴
𝑎3 = 𝜖𝐵 +

2𝜖𝐶
𝑎3 . 

From the system of equations  
𝐶
𝑏3 = 𝐵 − 𝐷,   𝐵 − 1 =

𝐶 − 𝐴
𝑎3 ,   

𝐷
𝜖 = 𝐵 +

2𝐶
𝑏3 ,   1 +

2𝐴
𝑎3 = 𝜖𝐵 +

2𝜖𝐶
𝑎3     

We can determine the coefficient 𝐷. Using first and third equation we can express 𝐵 as a 
function of 𝐷: 

𝐵 =
1 + 2𝜖

3𝜖 ⋅ 𝐷. 

 
From first equation we can obtain now 𝐶 as a function of 𝐷: 

𝐶 =
1 − 𝜖

3𝜖 𝑏2 ⋅ 𝐷. 

Substituting 𝐵, 𝐶 in the second equation we get 𝐴 as a function of 𝐷: 

𝐴 = 𝑎3 (1 −
(1 + 2𝜖) + (𝜖 − 1) (𝑏

𝑎)
3

3𝜖 ⋅ 𝐷). 

Substituting 𝐴, 𝐵, 𝐶 in the fourth equation we obtain the value of 𝐷: 
 

1 +
2𝐴
𝑎3 = 𝜖𝐵 +

2𝜖𝐶
𝑎3  

3 −
2𝐷
3𝜖 ((1 + 2𝜖) + (𝜖 − 1) (

𝑏
𝑎)

3

) =
1 + 2𝜖

3 ⋅ 𝐷 +
2(1 − 𝜖)

3 (
𝑏
𝑎)

3

⋅ 𝐷 

3 =
𝐷
3𝜖 ((1 + 2𝜖)(𝜖 + 2) − 2 (

𝑏
𝑎)

3
(𝜖 − 1)2) 

𝐷 =
9𝜖

(1 + 2𝜖)(𝜖 + 2) − 2 (𝑏
𝑎)

3
(𝜖 − 1)2

. 

Finally the field in the cavity is 
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𝐸3⃗⃗⃗⃗ =
9𝜖

(1 + 2𝜖)(𝜖 + 2) − 2 (𝑏𝑎)
3
(𝜖 − 1)2

⋅ �⃗� . 

Answer: field in the cavity is 𝐸3⃗⃗⃗⃗  ⃗ = 9𝜖

(1+2𝜖)(𝜖+2)−2(𝑏
𝑎)

3
(𝜖−1)2

⋅ �⃗� , where �⃗� = 𝐸0 ⋅ �̂�  is the

uniform external field. 
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