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Sample: Electrodynamics - Electric Potential

Problem 2: Consider the distribution of point charges as
shown in the diagram. Show that:

(a) the quadruple moment tensor is given by the

following:
Q= 5( 0 —ql? 0)-

0 0 0
Solution: in the Cartesian coordinate system the

coordinates of all the point charges are given by q,(+q) —

(é,0,0),qz(—q) - (0,—%,0),q3(+q) - (—é,O, 0),q4(—q) - (0,%,0). Each of them is

. l - . . .
at the distance r = 3 from the origin. The quadruple moment tensor is symmetric and its

trace is equal to zero. That implies that we have to calculate only 5 components of this
tensor. The components Q;; of the quadruple moment tensor are defined by

N
Qij = Z qre Bxixj — 6ijrk2)'
k=1

Where x;, is the x;(i = 2 = x, = y) coordinate of k —th charge. Let us calculate now the

components of this matrix:
312 12

2
1) Que = Qu = Zhes B =12 = +q (- -5) —a(0-5) +a (5--5) -
12 3 .9
a(0-%) =302
2) Qzz = Q33 = Xk=1 Q322 — 1¢) = — Xk=1 qy 7 (for each charge z —
2
compoent is 0) = —l:(+q —q+q—q)=0.
3) Qux+ ny +0Q,,=0= ny = Q22 = —Qxx — Qs = _quz'
N ! ! !
8) Quy = Qyx = Qu2 = TNy @37y = +3q (3 0) —3q (—3-0) + 3¢ (—3-0) -
!
3¢(0-7) =0.
5) Qxz = Qux = Q13 = Xk=1 U3k Zk = XR=1 9% (3%, - 0) = 0.
6) Qy, = Qzy = Q23 = Xi=1 Ak3ViZk = Lit=1 4k (BYx - 0) = 0.

From this data we can reconstruct the quadruple moment tensor:

3
—ql? 0 0

2 3/9” 0 0
Qij = 3 5 =—< 0 —ql? 0)-
S 2
\ 0 -z 0 / 0 0 0
0 0 0
Answer: the quadruple moment tensor is

Qij =35\ 0 —ql®> 0}
0 0 0

(b) The quadruple potential is given (in spherical coordinates) by:
sin? 0 cos2¢

r3 '
Solution: the quadruple potential can be calculated from formula

3
q)(4‘) = Zqulz .
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3
kg Qijxix;
(I)(‘D(x y Z) = Z _BEXyTtTy
) ) 5 )
= 2r

Where Q;; is the quadruple moment tensor and x; is the j —th component of the radius
vector in the Cartesian system. Since there are only two nonzero components of Q;, the
potential takes form

3
O (x,y,7) = Z kg Qijxix; _ kg (Q11x* + Q22y7) _ 3kpql?(x* — y?)
" A 2rS 2rS 4r5
1,j=1

Let us now transform the Cartesian coordinates into spherical coordinates:
3kzql?((rsin 8 cos ¢)? — (r sin O sin ¢)?
0@ (r,6,¢) = Hral(C 9= )%

_ 3kgql®sin® 6 (cos® ¢ —sin®¢) 3 o al?
- 473 — el

sin? 6 cos2¢
r3 '

So finally we obtain the quadruple potential (in spherical coordinates):
3 sin? @ cos2¢
@ = —f.gl2 ————— "

4 EqQ T3

Answer: the quadruple potential is given (in spherical system) by:

3 sin? @ cos 2
W (r,0,¢) = 7 kpql? T—s(p

(c) Sketch the potential as a function of angles 8 and ¢ for a fixed r.

Solution: to sketch the potential @ for fixed 7 it is convenient to introduce the
dimensionless potential

¢(0,¢) =

3

T
kgql?

3
™ (g, ¢) = Zsin2 0 - cos2¢

We have plotted the potential ¢(8, ¢) using Mathematica (Code: SphericalPlot3D[3/4
(Sin[8])"2 = Cos[2 * ¢], 8, ¢, PlotStyle — Directive[Red, Opacity[0.8]]]):
0.4
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4 EXPERT

Problem 3: a hollow dielectric sphere (of l.i.h. material of - A
dielectric constant € and radii a and b < a) is in a uniform E= Eo 3

external filed E in vacuum as shown. Try to justify the
following forms for the potentials in three regions:

A
V= —Eocose(r—r—z),

Cc
V, = —Eycos@ (Br — r_z)'

Vs =—EyDcosfr,

and use them to show that electric field in the cavity (E_3>) is uniform and is given by following

expression:

. 9¢

E, =
<(e +2)(26 +1) = 2(e — 1)? (gf)

E (in Gaussian units).

Solution: we will provide all the calculations in the Gaussian units.

1) Inall three regions the potentials V3, V,, Vssatisfy the Laplace equation AV = 0. Our system
has azimuthal symmetry (this means that solutions does not depend on the angle ¢). In
this case the general solution of equation AV = 0 has the form

c B
— l l
V(r,0) = Z (Alr + m) P;(cos 0)
=0
P,(cos ) are Legendre polynomials in the variable of cos 8: Py(x) = 1,P;(x) = x ...
Let us consider the potentials V3, V,, Vamore specifically:

a) The external field is E= E, - Z, so the potential that corresponds to this field is
E=-w :V=—f(§-d?)=—Eofdz=—Eoz

In the spherical system this potential has the form V = —Er cos 8. For large r (r > a)
the potential V3 should look like the potential V = —Er cos 8. For large r the value of

B; . ..
TS negligible small, therefore

A;rt - Py(cos @) = —Eyr cos @
1=0

Ay + A;rcos 6 + Z A;rt - Py(cos @) = —E,rcos @
=2
The Legendre polynomials form the linear independent system of functions, so this
condition can be satisfied only when [ = 1 and
A=0(#1)
Ay =-E,(I=1)
The potential V3the takes the form

B, B, A
Vs(r,0) = (Ar + r_z) -P;(cos9) = (—Eor + r_z) cos8 = —E,cos 0 (r — r_2>’
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Where A = 5

1
Ey
b) The potential V is a continuous function on the boundary. That implies
Vy(@) = Vi(a).

C
V,(r,0) = Z (Blrl + rli1> P,(cos 6)
1=0
From this boundary condition we get

(e o)

Z(Blal +L)P(cost9) =—F cosB(a—i)
L al+1) 't 0 a?
Again, since Legendre polynomials form the linear independent system of functions,
this equality can be possible only if I = 1 and
B=0(1#1)
C,=0(+1).
From these conditions we obtain the look of the potential V,:

C; C
Vo(r,0) = (Blr + r_z) cos@ =V, =—E,cosf (Br - r_z)’

Where B; = —EyB and C; = E,C.
¢) The potential in third region has the form

[o9)

E
— l l
Vi(r,0) = Z (Dlr + m) P;(cos 0)
1=0
In this case E; = 0 for all [ —otherwise the potential will blow up at the origin. Thus

Vi(r,0) = Z D,r'P,(cos 9)
1=0

Using boundary condition V5(b) = V,(b) we obtain:

[ee]

i C
2 D,;b'P;(cos ) = Dy + Dyb cos 6 + Z Dyb'Py(cos 0) = —E, cos 0 (Bb - ﬁ)
£ =2

From linear independency of P;(cos ) we once againget: [ = 1,D; = 0 (I # 1).
Vi(r,0) = D;rcos@ = —EyD rcos6 (D; = —E,D)

Answer: the potentials in three regions are given by:

A
Vi =—E0C059(r—r—2),

c
V, = —Eycos@ (Br _r_z)

Vs =—EyDcos@r.
2) Inthe expressions for the potentials appear four constants A, B, C, D that can be
determined using boundary conditions. The electric field in the cavity is
E; = —VV, = —V(—E,Dcos0r) = E,DVz = E,Dz =D - E.
From this formula we can see that field in the cavity is constant and has the same direction
as the external field. To determine this field fully we should find the unknown
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coefficient D. We will find D using the boundary conditions. The potential itself is a
continuous function on the boundary. This condition implies
V3(b) = V5(b), Vz(a) =Vi(a).

The second boundary condition has the deal with the first derivative of the potential on the
boundary. Since there are no free charges on the surfaces of the hollow sphere, it takes
form

Vz(b)  dVp(b) aVi(a)  9dVi(a)

ar S or ' “or T or

From first two conditions we obtain:

C C
—EyD cos6b = —Eocose(Bb—ﬁ) = —=B-D;
A C c—-A
—E0c059<a—;) =—E0c056(8a—;)

From second one we get two additional relationships between constants A, B, C, D:

2C D 2C
—EyDcosO = —EEOCOSH(B+—) = Z:BJ’ﬁ‘

b3
2A 2C 2A 2eC
—E0c059(1+—3)=—6E0c059(8+—3> = 1+—F5=eB+—.
a a a a
From the system of equations

C C—A D 2C 2A 2eC
pp-BD Bol=—g o=Btyy It =Bty
We can determine the coefficient D. Using first and third equation we can express B as a

function of D:

_1+2€
T 3¢

From first equation we can obtain now C as a function of D:
1—¢€
3e
Substituting B, C in the second equation we get A as a function of D:

b3
1+20)+(e—1) (=
| _+29 3(: ) (2) .

C= b? - D.

Substituting A4, B, C in the fourth equation we obtain the value of D:

2A 2eC
1+—3=EB +—3
a a

b>3 =1+2€‘D 2(1—6)(9)30

2D
3———(1+2 —-1(-
3e (1+26) + (e )<a 3 + 3 a

3-2 (1+26)(e+2)—2(9)3(e—1)2
3e a

9¢
D=

by\? '
(1+26)(e+2)—2(3) (e—1)2
Finally the field in the cavity is
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. 9¢

E3 = E

(1+2€)(e+2) -2 (3)3 (e — 1)2

9 = 2 -
J -E,where E = E, - Z is the

Answer: field in the cavity isfé = 3
(1+26)(e+2)-2(2) (e-1)?

uniform external field.
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