Sample: Multivariable Calculus - Derivatives

D
Let’s substitute
u(x, t) = 2k? sech?(k(x — 4k?t))
into the equation
U + 6UU, + Uyyy = 0

u, = 2k? - 2 sech(k(x — 4k?t))
- tanh(k(x — 4k?t)) (— sech(k(x — 4k?t)))(—4k>)
= 16k°® sech?(k(x — 4k?t)) - tanh(k(x — 4k?t))

u, = 2k? - 2 sech(k(x — 4k?t)) - tanh(k(x — 4k?t)) (— sech(k(x — 4k?t)))
-k = —4k3 sech?(k(x — 4k?t)) tanh(k(x — 4k*t))

Uyyx = 16k° tanh(k(x — 4k?t)) sech?(k(x — 4k?t)) (2 sech?(k(x — 4k?t))
— tanh?(k(x — 4k?t)))

After substituting derivatives into the equation we get:
U + 6UU, + Uyyy = 0

So u(x, t) satisfies the equation.

2)
T(x,y,z) =x?—y?+ 2%+ xz?

Let’s find the parameterization of the curve.

z=t
3x2—y? =t
2x% + 2y% =t

1
2 - _(t24+¢
X2 = (2 +D)
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Vo,

1
y?2=3x2—-t =§(3t2 — 5t)

So

vtz +t V3t2 -5t t)
2V2 1 2v2

Let’s change parametrization so speed at t = 0 is v.

X7 4y 2P ( 2t+1 >2+< 6t — 5 >2+1
X Z =
Y 4W2VtZ + t 442V/3t2 - 5t

Qe+ 1)? (6t — 5)2
T 32(t2+t)  32(3t2—5t)

(x,y,2) = (

AT t = 0 we have:
speed =
At point (1,1,2):
z' = 6xx' —2yy'
dxx' +4yy' —2zz' =0

Substituting x = 1;y = 1; z = 2 we have:

z'=6x"—2y

4x' +4y'—4z' =0

Solving this with x'2 + y'? + z'? = v? we have:

3v 5v 8v

e 0= r =5

Then rate of change of temperature at t = 0 is

x'(0) =
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(2N

2x - x"(0) = 2yy'(0) + 2zz'(0) + x'(0)z? + xzz'(0)

=21 3V 2.1 517+22 817+3v 224+1.2
- 7V2 7V2 N2 V2

56v

=—=4\/§v

72

3)

Let’s compute derivatives of u by new variables.

du_dudx+dudy_ 9du+ _ gdu
dr  dxdr dydr_cos dx o0 dy
d*u 28d2u+2 0 sin g d*u s 20d2u
77z = Cos" 0 cos @ sin dxdy sin e
du _ 9du+ Bdu
7g = ~Tsinf——+rcos &
d*u ( 9du+ _ edu)
79z = ~T(cost——+sin &

+ 72 'Zedzu 2cos@ '9d2u+ Zedzu
r Sin dxz CosS U Ssin dxdy COoS dyz

o : : : d
Dividing both sides by 2 and using expression for d—l: we have:

1 d?u ldu ., d*u - d%u , d*u
r—zw=—;5+sm HW—ZCOSHSdexdy+COS Hd_yz

Adding last 2 relation we have:

d’u 1 d*u 1du d?u d*u

a2t T Trar a2 Ty

So

72
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(2N

EXPERT

d2u+d2u B d2u+ 1 d2u+ 1du
dx?2 dy? dr? r2d6? rdr

So Laplace equation becomes:

d’u 1 d%u ldu

2z rzagr Trar

4)
(a)
Operator F is defined on matrices which have the inverse.

dom F = {(x1, X3, X3, X4) | X1 X4 # X3X3}

(b)
Let’s write F explicitly:
1 X —X
4 2
F(xq,Xp,X3,Xy) = ——— ( ) =
I x1x4 - x2x3 _x3 xl
( X4 X3 X3 X1 )
X1Xg — X2X3 ' X1Xg4 — X2X3 ’ X1Xg4 — X2 X3 'x1x4 — X2X3

Matrix of derivatives:

dF 1
dx (X124 — X2%3)? ‘
X4 Xy X4+ (—x3) X4+ (—x2) — (124 — Xx3X3) + X4%y
—X2X4 (124 — x3x3) — (—x2x3) —x2(—x2) —X2Xq
—X3X4 —x3(—x3) (124 — x323) — x3(—x3) —X3X1
— (X124 — X3X3) + X1 X4 x1(—x3) x1(—x2) XX
X2 —X3Xp —XpX4 XpX3
B 1 —XXs  XpXg X2 —xyx;
- (124 — X223)% | —X3Xy4 x5 X1Xg4  —X3Xq
X2X3  TX1X3 —X1X3 x12
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