
Solve the integral 

𝐼 = ∫ 𝑑𝑥
1

0
∫ 𝑑𝑦

1

0
∫ 𝑑𝑧

1

0
𝛿(𝑥 + 𝑦 + 𝑧 − 1)

𝑥
𝑚2𝑥 − 𝑀2𝑦𝑧. 

𝑚 = 0.511, 𝑀 = 135. 

Solution. 

This integral has delta-function 𝛿(𝑥 + 𝑦 + 𝑧 − 1). That’s why we can eliminate 𝑥 from integral

(𝑥 + 𝑦 + 𝑧 = 1 → 𝑥 = 1 − 𝑦 − 𝑧). But now we change limits of integration over 𝑧 (∫ 𝑑𝑧1
0 → ∫ 𝑑𝑧1−𝑦

0 ): 

𝐼 = ∫ 𝑑𝑦
1

0
∫ 𝑑𝑧

1−𝑦

0

(1 − 𝑦 − 𝑧)
𝑚2(1 − 𝑦 − 𝑧) − 𝑀2𝑦𝑧. 

We can use differentiation with respect to the parameter 𝑚2 

𝐼 = ∫ 𝑑𝑦
1

0
∫ 𝑑𝑧

1−𝑦

0

(1 − 𝑦 − 𝑧)
𝑚2(1 − 𝑦 − 𝑧) − 𝑀2𝑦𝑧 =

𝜕
𝜕𝑚2 ∫ 𝑑𝑦

1

0
∫ 𝑑𝑧

1−𝑦

0
ln|𝑚2(1 − 𝑦 − 𝑧) − 𝑀2𝑦𝑧|. 

Let’s make the substitution 𝑧 = 𝑡(1 − 𝑦):

𝐼 =
𝜕

𝜕𝑚2 ∫ 𝑑𝑦
1

0
(1 − 𝑦) ∫ 𝑑𝑡

1

0
ln|(1 − 𝑦)(𝑚2(1 − 𝑡) − 𝑀2𝑦𝑡)|. 

Using that ln 𝑎 ∙ 𝑏 = ln 𝑎 + ln 𝑏 

𝐼 =
𝜕

𝜕𝑚2 ∫ 𝑑𝑦
1

0
(1 − 𝑦) ∫ 𝑑𝑡

1

0
(ln|1 − 𝑦| + ln|𝑚2(1 − 𝑡) − 𝑀2𝑦𝑡|). 

Expression 
𝜕

𝜕𝑚2 ∫ 𝑑𝑦1
0 (1 − 𝑦) ∫ 𝑑𝑡1

0 ln|1 − 𝑦| is equal 0, because ∫ 𝑑𝑦1
0 (1 − 𝑦) ∫ 𝑑𝑡1

0 ln|1 − 𝑦| doesn’t 

depend on 𝑚2. 

𝐼 =
𝜕

𝜕𝑚2 ∫ 𝑑𝑦
1

0
(1 − 𝑦) ∫ 𝑑𝑡

1

0
ln|𝑚2(1 − 𝑡) − 𝑀2𝑦𝑡| =

𝜕
𝜕𝑚2 ∫ 𝑑𝑦

1

0
(1 − 𝑦) ∫ 𝑑𝑡

1

0
ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡|. 

𝐼 =
𝜕

𝜕𝑚2 ∫ 𝑑𝑦
1

0
(1 − 𝑦) ∫ 𝑑𝑡

1

0
ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡|. 

We can use that 

∫ 𝑑𝑥ln|𝐴 + 𝐵𝑥| =
𝐴
𝐵 ln|𝐴 + 𝐵𝑥| + 𝑥ln|𝐴 + 𝐵𝑥| − 𝑥 + 𝑐𝑜𝑛𝑠𝑡 

∫ 𝑑𝑡ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡| =

=
𝑚2

−(𝑚2 + 𝑀2𝑦) ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡| + 𝑡ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡| − 𝑡 + 𝑐𝑜𝑛𝑠𝑡 

∫ 𝑡ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡| = −
𝑚2

(𝑚2 + 𝑀2𝑦) ln|𝑚2 − (𝑚2 + 𝑀2𝑦)| + ln|𝑚2 − (𝑚2 + 𝑀2𝑦)| − 1 +
1

0
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+
𝑚2

(𝑚2 + 𝑀2𝑦) ln|𝑚2| 

∫ 𝑡ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡| =
𝑚2 + 𝑀2𝑦 − 𝑚2

(𝑚2 + 𝑀2𝑦) ln|𝑚2 − (𝑚2 + 𝑀2𝑦)| − 1 +
1

0
 

+
𝑚2

(𝑚2 + 𝑀2𝑦) ln|𝑚2| 

∫ 𝑡ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡| =
𝑀2𝑦ln|𝑀2𝑦|
(𝑚2 + 𝑀2𝑦) − 1 +

1

0
 

+
𝑚2

(𝑚2 + 𝑀2𝑦) ln|𝑚2| 

Further 

𝐼 = 𝜕
𝜕𝑚2 ∫ 𝑑𝑦1

0 (1 − 𝑦) ∫ 𝑑𝑡1
0 ln|𝑚2 − (𝑚2 + 𝑀2𝑦)𝑡| = 𝜕

𝜕𝑚2 ∫ 𝑑𝑦1
0 (1 − 𝑦) (𝑀2𝑦ln|𝑀2𝑦|

(𝑚2+𝑀2𝑦) − 1 +
𝑚2

(𝑚2+𝑀2𝑦)
ln|𝑚2|)=

𝜕
𝜕𝑚2 ∫ 𝑑𝑦1

0 (1 − 𝑦) ((𝑀2𝑦+𝑚2)ln|𝑀2𝑦|
(𝑚2+𝑀2𝑦) − 𝑚2ln|𝑀2𝑦|

(𝑚2+𝑀2𝑦) − 1 + 𝑚2

(𝑚2+𝑀2𝑦)
ln|𝑚2|)= 

=
𝜕

𝜕𝑚2 ∫ 𝑑𝑦
1

0
(1 − 𝑦) (ln|𝑀2𝑦| −

𝑚2ln|𝑀2𝑦|
(𝑚2 + 𝑀2𝑦) − 1 +

𝑚2

(𝑚2 + 𝑀2𝑦) ln|𝑚2|) =

=
𝜕

𝜕𝑚2 ∫ 𝑑𝑦
1

0
(1

− 𝑦) (
𝑚2ln|𝑀2𝑦| + 𝑀2𝑦ln|𝑀2𝑦| − 𝑚2ln|𝑀2𝑦| − 𝑚2 − 𝑀2𝑦 + 𝑚2ln|𝑚2|

(𝑚2 + 𝑀2𝑦) )

=
𝜕

𝜕𝑚2 ∫ 𝑑𝑦
1

0
(1 − 𝑦) (

𝑀2𝑦ln|𝑀2𝑦| − 𝑚2 − 𝑀2𝑦 + 𝑚2ln|𝑚2|
(𝑚2 + 𝑀2𝑦) ) 

Calculate 

𝜕
𝜕𝑚2

𝑀2𝑦ln(𝑀2𝑦)−𝑚2−𝑀2𝑦+𝑚2ln (𝑚2)
(𝑚2+𝑀2𝑦) = − 1

(𝑚2+𝑀2𝑦)2 (((𝑚2 + 𝑀2𝑦) ∗ (−2𝑚 + 2𝑚 ln(𝑚2) + 2𝑚)) −

2𝑚(𝑀2𝑦ln(𝑀2𝑦) − 𝑚2 − 𝑀2𝑦 + 𝑚2ln (𝑚2)))=− 1
(𝑚2+𝑀2𝑦)2 ((2𝑚𝑀2𝑦 ln(𝑚2) − 2𝑚𝑀2𝑦ln(𝑀2𝑦) +

2𝑚3 + 2𝑚𝑀2𝑦))= 

Finally 

− ∫ (1 − 𝑦) ∗1
0

1
(𝑚2+𝑀2𝑦)2 ((2𝑚𝑀2𝑦 ln(𝑚2) − 2𝑚𝑀2𝑦ln(𝑀2𝑦) + 2𝑚3 + 2𝑚𝑀2𝑦))𝑑𝑦= 

We know that 𝑚 = 0.511 and 𝑀 = 135. 

− ∫ (1 − 𝑦) ∗1
0

1
(0.261121+18225𝑦)2 ((2 ∗ 0.511 ∗ 18225 ∗ 𝑦 ln(0.261121) − 18225𝑦ln(18225𝑦) + 2 ∗

0.133432831 + 2 ∗ 0,511 ∗ 18225 ∗ 𝑦))𝑑𝑦 =  

Mathematica gives the result ranged  from -0.00272 432 to 0.256654. 
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