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Sample: Complex Analysis - Singularities

1. Identify singularities of the function f(z) = —~_ and classify them. Find the

sin(z?)
residues of the function at those points.
Solution:

z

Singularities of the function f(z) = are solutions to the equation sin(z?) = 0 and

sin(z?2)
0,

zZ2=mnnez

z; = xvmn,n € N; z, = tiy/n(—n),n € N_;z; = 0,n = 0.
As we see, oo is not isolated singularity, because at any neighborhood there are infinite set

of singular points such as z; and z,.

To find residues at poles z; and z,, use the theorem: if f(2) = % is analytical at ring with

center at point a and radii r1=0 and r2= ¢, and ¢(2), Y (z) are analytical at circle with center
at point a and radius r=¢, ¢p(a) # 0,p(a) = 0,1’ (2) # 0, then a is a pole of order 1 and
$(2) $(a)
Res(f(z),a) = Res( ,a | =—
/ v@' )T V@
¢(2) = z,9¥(2) = sin(z?),¢¥'(z) = 2zcos(z?). As we see qﬁ(zl,z) +0, 1,0’(21,2) =

221, cosmn = 2z, ,(—1)™ # 0 and we can use the theorem:

Z12 1
R , =—r—=—(-1"
es(f(@)212) = 357 = 3 D

Maclaurin series of sin(x) is

o 1" X3 xS
sinx = szn*'l: ——t ==

2n+ 1)! 31 5!
n=0
That’s why f(z) at z=0 behaves as 1/z because
.z z _ z _ 1 L

f2) = sinz2 , z¥3 225 B z8 B E+ o(1)

P
_?-{_ﬁ_ 22(1_§+§_...)

It means that in Laurent seriesa_; = 1 and Ois a pole of order 1, thus Res(f (2),0) = a_, =

1.

Answer:

oo is not isolated singularity;
1

++Vnn,n € Z\{0} are poles of order 1, Res(f(z), \/nn) =3 (Gl
+ivnmn, n € Z\{0} are poles of order 1, Res(f(z),Vin) = i(—l)n
Ois a pole of order 1, Res(f(z),0) = 1

2. Evaluate the following integrals and justify your calculation.
a) fO dx
—2T 4sinx+5

Solution:

We know a theorem, if R(x,y) is a rational function, then

}HR(cosd),sin ¢)dp = 2n Z Res[%R <% (z + é)%(z - %)),zk]
0 |z l<1
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Transform the integral using substitution x=-y, dx=-dy

0 0 2n
f dx _ J‘ —dy _f dx
4sinx+5 ) —4siny+5 ) 5—4sinx
27 2m 0
_ R 1 1
= 2m Z esly ———3 1y %l
T
=2 S —
T Z ReS[SZ + 2iz?% — 2i'Zk]
|zl<1

Do polynomial factorization of a denominator 2iz? + 5z — 2i. Solve a quadratic equation
2iz> +5z—-2i=0
D=25-4-i)(-2i)=25-16=9

—5+V9_—5%3 8 _ . _ 2_1
2.2 4 AT T TR T TRt

21,2 =

1
2iz? + 5z — 2i = 2i(z — 2i)(z — Ei)

1

1
Only |z2|=0.5<1, so 27TZ|Zk|<1 Res| m
2

1.
m,zk] = 27TR€S[ 'El]

At a simple pole ¢, the residue of f is given by:
Res(f,c) =lim(z — ¢)f(2)
Z-C

2, is a simple pole, thus

R 1 Ll ( 1 ) 1 ;
es =il =lim(z—=i = lim — -
2i(z - 21) (z - %l) 2| Y 2 i (s _%i) 2 20z = 20)

1 1 1

At last, 2mRes %,—i 2
21(2—21)(2—51) 2 3

21
Answer: <

00 z
b) f—OO (z2-6z+10)2 dx

Solution:
Do polynomial factorization of a denominator z? — 6z + 10. Solve a quadratic equation

z2—6z+10=0
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D=(—-6)2—4-10 =36 —40 = —4

6+vV—4 6+ 2i
A2= Ty Ty TR

z? z?

(22-62+10)2 ~ (z-3-i)2(z—3+i0)2

S0,z —6z+10=(z—3—-i)(z—3+1i),and f(2) =

Use the theorem: [ f(2)dz = 2mi ¥, ec, Res(f(2), z)

f(2) has 2 singularities-z;, =3+ i.0nlyz; =3 +i € C, (Imz; =1 > 0) thus

[o0] Z2 . .
f_mdeZZﬂl'R€S( 3+l)

22
(z-3-0)2(z-3+0)2’

If cis a pole of order n, then the residue of f around z = ¢ can be found by the formula:

n-1

1 d
oy g (G = O ()

Res(f,c) =

z =3 +iisapole of order 2, so

ZZ
R 34
es((z—3—i)2(z—3+i)2 J”)

1 z?
1'z—>3+zdz((z_ - D* (z —3—i)2(z—3+i)2)
o d z? o 2z2(z=-3+0)?-2(z—-3+10)z?
= lim —(———=) = lim -
z-3+idz (z—3+1)% z-3+i (z—3+1i0)*
2B+ D)B+i-3+D?-2@B+i-3+D(B+1)?
- (3+i—3+1i)
2B+ D@D -2@DB+D? 2(3 +)(—4) — 2(20)(9 + 6i — 1)
B (20)* B 16
—24-8i—320+24  40i  5i
a 16 T 16 2
Atlast, [ mﬁd = 2mi - (—%) = —5mi? = 5¢

Answer: 5.

© X COS3x
C) f°°x2+2x+5

Solution:

We know the theorem, if | f(2)|g=)z < u(R), (R = ) — 0, then

f f(x)e'%*dx = 2mi 2 Res(f(2)e'*%,z;),a >0

zreCy
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0 xeldx X
dx = Re [f —_— dx], Re is a real part of complex number.
—0 x242x+5

foo X COS 3x
—© x2+2x+5

Do polynomial factorization of a denominator z? + 2z + 5. Solve a quadratic equation
z2+2z4+5=0
D=22—-4-5=-16

—2+V-16 —2+4i
2 2

Z1'2 = = _1i21

So,z24+2z+5=(z+ 1+ 2i)(z+ 1— 2i). Use the theorem

@ xei3x Zei3z
——— dx = 2mi Z Res(—— ,z
fx2+2x+5 (z2+2z+5 )
—0 ZkE(C+

Only z; = —1 + 2i € C,, that’s why
ZeiSZ Zei3z
2mi Z Res(Zz— ) = 2mi - Res (— -1+ 2i>

IZ )
+2z+5 "k 7224+2z+5
zreCy

At a simple pole c, the residue of f is given by:

Res(f,c) =1lim(z — )f (2)

z; = —1+ 2iis a simple pole, so
zei3Z A . . zel3z _(—1+2i)eid3C142D)
Res (z2+2z+5 —14 21) - z_}lrﬁzi(z +1 21) (z+1+2i)(z+1-2i0) - (—1+42i+1+2i)
(~1+2i)e(-3De~6
—  — and
4i

iR ze'3z L+ 2i i (—1 + 2i)e(3De—6

ni-Res| ——— ,— i|=2mi- -

z2+2z+5 4i

T
= Ee(‘é)(—l + 2i)(cos 3 — i sin 3)
T
= Ee(‘é)(— cos 3 + 2sin3 + 2icos3 + isin3)

o

f X cos 3x dx = R [n o) 34 2sin3+ 2 34isi 3)]
TR P x =Re|ze cos sin i cos i sin

— 00

s
= Ee(‘(’)(— cos3 + 2sin 3)

Answer: % (—cos3 + 2sin3)

. Let function f(z) be analytic on 0<|z-z_0 |<R. Prove that integrals of f are path

independent on 0<|z-z_0 |<R if and only if Resz0f=0
Solution:
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The residue is a complex number proportional to the contour integral of a meromorphic
function along a path enclosing one of its singularities. Analyticity of the Cauchy means

that f(z) is analytical if for any close curve ' € A fr f(2)dz = 0. If Resz0f(z)=0 that

95y f(z)dz = 2miRes(f (2), z,) = 0. So f(z) has integral properties of analytical function

and integrals of f(z) are path independent on 0<|z-z_0|<R.
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