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Sample: Differential Calculus Equations - Fourier Transform

Question 1. Find u(x) if fooou(x — e 5d¢ = f(x).

Let’s take Fourier transform of both parts of the equation.
F ( j u(x - f)e—fdf> =F(f)
0

_l'ooo u(x — &e~%d¢ is convolution of 2 functions: u(x) and e *. Fourier transform of convolution equals
to product of Fourier transforms of functions.

FW)F(e™) = F(f)
Fw) =F(H)A + iw)
u=F(F(f) +iwF(f)) = F{(F()) + F(iwF(f)) = f + '
So,

ulx) =fx) + f'(x)
Question 2. Find the solution explicitly in the case f(x) = x and verify that it works.

Let’s check the solution for f(x) = x:

ux) =f)+f'(x)=x+1

foou(x — e td¢E = foo(x —&4+De fdé=(x+1) fme-fdf - fmfe-fdg
0 0 0 0
=(x+ 1)(—e‘f)|;;o e e“f)E::;o =x+1)-1=x=f(x)

So the equality holds.

Question 3. Find the solution in the case f(x) = e**, k > —1 and verify that it works.

f(x) =ek*
w(@) = F) + f1(x) = e + kek* = (k + ek
” k(x—§) ,—& ke [ —(er1)E kx e(HE\ |57 kx
Jo(k+1)e e %dé = (k+1e joe dé = (k+ e <m>f=o=e = f(x)

The equality holds.
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Question 4. Solve the equation in (1) without using Fourier transforms.

f u(x — He~4dé = f(x)
0

Let’s make change of variables in the equation (y is a new variable of integration):

[ uee-petar= {70 = [ umerrenay = [ uwerTay = £

Term e~ can be moved out the integral (it does not depend on y):

e"‘f u(y)e¥dy = f(x)

X
| wtreray = e
Let’s differentiate both parts of the equation by x:

u(x)e* = (e*f(x)) = e*f(x) + e*f'(x)
u(x) = f(x) + f'(x)
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